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Abstract Let X = (Xij) be a p x n data matrix, where the n columns form
a random sample of size n from a certain p-dimensional distribution. Let R™ =
(pij) be the p x p sample correlation coefficient matrix of X ™ and S™ =
(1/n) XM (X™)* — X X* be the sample covariance matrix of X", where X is the
mean vector of the n observations. Assuming that X;; are independent and identically
distributed with finite fourth moment, we show that the smallest eigenvalue of R
converges almost surely to the limit (I — \/c)? as n — oo and p/n — ¢ € (0, 00).
We accomplish this by showing that the smallest eigenvalue of S converges almost
surely to (1 — /c)?.

Keywords Random matrix - Sample correlation coefficient matrix - Sample
covariance matrix - Smallest eigenvalue
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1 Introduction

Suppose that X ™ = (X; j) is a p X n data matrix, where the n columns form a random
sample of size n from a certain p-dimensional distribution. Let R = (p; ) be the
p x p sample correlation coefficient matrix of X, where p; j is the usual Pearson
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correlation coefficient between the ith and jth rows of X . We are interested in
the strong limits of the extreme eigenvalues of this matrix as its dimensions tend to
infinity.

There are two random matrices which are closely related with the sample correla-
tion matrix. One is the sample covariance matrix S® defined by

s = (si) = %X(”)(X(”))* —- XX*,

where X is the mean vector of the n observations. Let

D =diag| /s \/s%. ... /sip ).

Then R™ can be expressed as
R™ = (p™)~'sm(pm)~!, (1.1)
The other one is the simplified version of the sample covariance matrix given by
S™ = (1/m) X ™ (x™)*.

Remarks (1) For notational economy, we will omit the superindex (n) from now
on when there is no confusion. (2) In the literature, S is often referred under the
name “sample covariance matrix.” However, in this paper, we rename it by simplified
sample covariance matrix to avoid confusion.

Suppose that A{(S), 2(S), ..., A, (S) are the p eigenvalues of S in increasing or-
der. While the definition of the largest eigenvalue is clear, one needs to examine that
of the smallest one.

Since rank(S) < n when p > n, the (p — n) smallest eigenvalues are all zero.
Hence we define the smallest eigenvalue of the matrix S as

21(S) if p<n,

hain(®) = {Ap_,,H(S) it p=n. (12)

Since the empirical spectral distribution FS of S almost surely converges to the
Marc&enko—Pastur law F, with the density

2ﬂlcx«/(b—x)(x —a) ifa<x<b,

0 otherwise,

Fl(x) = { (1.3)

and the point mass 1 — 1/c at the origin if ¢ > 1, where a = (1 — \/c)? and b =
1+ ﬁ)z (see Chap. 3 of Bai and Silverstein [3]), we have
liminf Amax(S) > b= (1 + /)% as.,

limsup Amin(S) <a = (1 —c)?> as.
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However, the converse assertions
limsup Amax(S) <b = (1 ++/¢)? as., (1.4)
liminf Amin(S) > a = (1 —/c)? as. (1.5)
are not trivial.

Yin et al. [9] established (1.4). The following modified version is an immediate
consequence of their original result.

Theorem 1.1 Let X be the up-left p x n corner of a double array {Xyy : u,v =
1,2, ...} of independent and identically distributed (i.i.d.) complex random variables
(rv.s.) with zero mean and unit variance. If E|X11|* < oo, then, as n — 0o and
p/n— ce(0,00),

limAmax(S) =b = (1 ++/c)*  as.
It is much more difficult to establish (1.5) than (1.4). Bai and Yin [4] devised a uni-

fied approach to prove (1.4) and (1.5) at the same time. As an immediate consequence
of their result, we have the following theorem.

Theorem 1.2 Under the conditions of Theorem 1.1,
mAmin(S) =a = (1 — /c)*  as.

More than ten years later, Jiang [6] proved that the largest eigenvalue of the sample
correlation matrix R converges to the limit (14 /¢ )2 with probability one as n — oo
and p/n — c € (0, 00). Jiang [6] also conjectured that the smallest eigenvalue of R
converges to (1 — /c)? a.s.

Since rank(R) <n — 1, the smallest eigenvalue of the matrix R can be defined as

A1 (R) if p<n,
Amin(R) = . (1.6)
)\p—n+2(R) if p>n.

In this paper, we prove Jiang’s conjecture.

Theorem 1.3 Let X be the up-left p x n corner of a double array {Xyy : u,v =
1,2,...} of i.i.d. complex r.v.s. with unit variance. IfE|X11|4 < 00, then, as n — 00
and p/n — ¢ € (0, ),

limAmin(R) =a = (1 —/c)* as.

We accomplish the proof of Theorem 1.3 by establishing the following result on
the sample covariance matrix S. Note that the definition of the smallest eigenvalue of
S is given by replacing R in (1.6) by S.

Theorem 1.4 Under the conditions of Theorem 1.3,

limAmin(S) =a = (1 —/c)*  as.
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The paper is organized as follows. In Sect. 2, we show how Theorem 1.4 implies
Theorem 1.3. The proof of Theorem 1.4 will be completed in Sect. 3. The auxiliary
lemmas are collected in the last section.

2 From Sample Covariance Matrix to Sample Correlation Matrix

Our task in this section is to prove Theorem 1.3 by Theorem 1.4. Actually the argu-
ment here parallels that in [6]. We repeat it for the completeness of the whole proof.

Since we are interested in the sample covariance matrix and sample correlation
matrix, we can assume that £ X1 = 0. According to Theorem 1.4, it suffices to show
that

|V Amin(R) = vAmin(S) | > 0 as. 2.1

Note that the sample covariance matrix S could be written as § = n~! X P X*, where
P is the n x n projection matrix deﬁned as [ — —11T and 1 is the n x 1 vector whose

entries are all 1’s. Since R = D~'SD! (see (1.1)), by Lemma 4.1 we have

‘\/)\min(R) - \/)Lmin(S) ‘ =<

1 Lyp L
D' —XP——XP

v Vn
<|p'-1|- H%XH (2.2)

Since E|X 11 |4 < 00, due to Lemma 4.4, we know that

X%
max ek LY 1‘ — 0 as. 2.3)
I<i<p n
and
max X; > 0 as., 2.4)
1<i<p

where X; is the ith entry of the mean vector X. Combining (2.3) and (2.4), we have

n v.\2 n 2
(X=X S X
max Zj_l Y : — 1| < max L—l'—l— maxX2—>O a.s.,
I<i<p n l<i<p n l<i<p
and this implies that
|D™"— 1] = max v - 1‘ -0 as. (2.5)
]<z<p

\/Z’}zl (Xij — Xi)?
By Theorem 1.1,

” H Vimax(S) > 1 +4/c  as.

This, together with (2.2) and (2.5), proves (2.1).
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3 Proof of Theorem 1.4

We first derive the limiting spectral distribution of S. Since S =S — XX*, by
Lemma 4.2, we know that
S S 1 Y vk 1
|F° — F®| < — rank(XX*) = —.
p p
Since the convergence of the distribution functions in the sup norm implies their weak
convergence, we know that F S also converges to the Maréenko—Pastur law, and hence

limsup Amin(S) <a = (1 — /c)>  as.
Therefore, in order to prove Theorem 1.4, it suffices to show that
liminf Amin(S) > a = (1 — Vc)>  as. (3.1

Note that when ¢ = 1, the situation is trivial. When ¢ > 1, p is larger than n when
n is very large. In this case we will consider Amin(S) = Ap—p42(S), which is the
(p — n + 2)th smallest eigenvalue of S. According to Theorem 4.3.4 of Horn and
Johnson [5], we have

)\pfn+2(S) > )LpfnJrl (S)

As an immediate consequence of this fact and Theorem 1.2, we know that (3.1) holds
when ¢ > 1. Now we shall prove (3.1) when 0 < ¢ < 1, and the long proof will be
divided into several steps.

3.1 Truncation

We use the truncation technique given in [2] to bound the underlying variables. For
C>0,letY;; = Xijl{\Xij\SC} — EXijI{IX,-j\SCb Y = (¥;), and S= (1/n)Y PY*. De-
note the eigenvalues of S and S by A; and A (in increasing order). Since these are
the squares of the kth smallest singular values of (14/7)X P and (14/n)Y P (respec-
tively), it follows from Lemma 4.1 that

12 =12 1
max|i,’~ — A <—|IX-Y].
e i I
Since X;j — Yij = Xijljx;;|>cy — EXijljjx;;|>c}, from Theorem 1.1 we have, with
probability one,

. 12 =12
lim sup max Ak/ —Ak/ <+ «/E)El/2|X11|21{|x‘.j|>c}.

n—oo k=n

Since E|X11|> = 1, we can make the above bound arbitrarily small by choosing C
sufficiently large. Thus, in the following investigation, we can assume that the un-
derlying variables are uniformly bounded. It is easy to verify that we can rescale the
variables so that the assumption E|X1;|?> = 1 still holds.
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3.2 An Equivalent Problem

There exists a nonzero vector 8 such that
SB = (S — XX*)B = Amin(S)B,
which is equivalent to
(S — Amin(HI)B = XX*B. (3.2)

Suppose that lim inf A i, (S) is smaller than a = (1 — \/c)2. Then we can imagine that
Amin(S) is not an eigenvalue of S as n gets large, since Anin(S) converges to a (see
(1.2)). In this case the matrix (S — Amin(S)7) is nonsingular, and hence (3.2) can be
inverted to give

B=(S— Amin(S)I) " XX*B.
If we multiply both sides of the above equation by X*, we will get
X*B = X*(S — Amin($)1) ' X X*B.
Since X*f # 0, we can obtain that
X*(S = Amin($H)1) ' X = 1. (3.3)
The above arguments (especially (3.3)) provide the basic idea that we will make

use of to state the current problem in an equivalent form given by the following
lemma.

Lemma 3.1 If P(liminf Ay (S) < a) > 0, then for some 0 < X < a,
P(limsup)_(*(S —AD7'X > 1) > 0.
In other words, if
limsup X*(S—AI)'X <1 as.V0O<i<a, (3.4)
then we have the desirable property
IiminfApin(S) >a a.s.

Proof If P(liminfApin(S) < a) > 0, then there exists a small ¢ > 0 such that
P(iminf Apin(S) < a — 3¢) > 0. For simplicity, we denote the event
{liminf Apin(S) < a — 3¢} by Ey. Let B, denote the event {Anin(S) < a — €}. From
Lemma 4.5 we know that P(B,) = o(n~") for any / > 0. Hence it is easy to see that
for some N large enough, P(Eq \ Usey Bn) > 0. We use E to denote the event
Eo\ U=y Bn. For each w € E, the following two properties hold:

Iminf Apin(S(w)) <a — 3¢, Anin(S(w)) >a —¢€, Yn> N.
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Since liminf A yin (S(w)) < a — 3¢, we can find a subsequence nj such that
liminf A" (S(w)) = (@) < a — 3e.

(n ")(S (w)) < a — 2¢, and hence from (3.3) and from the

> > “'min
fact that X*(S — A7)~ X is an increasing function of A we have

}_(:sz 1’

When £ is large enough, A

[X*(S™ — (a —2e)1) "

and this means that

1=

hmsup[ (S(") (a —26)1)_ X]|w >1.

Therefore, we know that for A =a — 2¢,
P(limsup X*(S—AI)"'X > 1) > P(E) > 0,
which completes the proof. d

Now our target is to prove (3.4) when 0 < ¢ < 1. Suppose 0 < A < a, and let
2¢ =a — A. We expand X*(S — AI)"' X as

_ _1 1
X*S—-aD"'X= —(X1 + X)*(S — u)—lz(xl o+ Xn)

1 ¢ -1 1 -1
=EZX;"(S—M) X,-+n—22X;‘(S—u) X;.

i=1 i)
Let
1 n
—1

= n—22X;"(S—)»I) Xi., (3.5)

i=1

1

Ty = EZX,*(S—AI)_IX]. (3.6)

i#]

We will consider 77 and T5 respectively. For the time being, let us define 71 = 7> =0
when the matrix (S — A7) is singular. Actually Assumption (i) provides justification
of this definition.

3.3 Nonnegative Terms
Let S; =S — (1/n)X; X}. Using Lemma 4.3, we may write T as

i X¥(Si —AD7'X;
n2 =141 LXx(Si —aD'X;

2": Lxx(si —aD7'x;
B L+ 1xxs —an-1x;
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We use E; to denote the event {Anin(S;) >a — €}, and let E = ﬂf’zl E;. Again from
Lemma 4.5 we know that P(El'?) = o(n_l) for any [ > 0, and hence P(E€) = o(n_l)
for any / > 0. On the event E, ||(S; — AI)~"!|| < 1/e, and the matrix (S; — A1)~}
is nonnegative definite. Since all the entries of X are bounded by a constant C,
we have
1 * -1 1 * —1 C2
SX70S =T = X s = anTH X = —

Therefore we know that on the event E,

Since P(E€) = o(n™!) for any [ > 0, by the Borel-Cantelli lemma we know
that
C2

limsup 71 < <1 as. 3.7

Cc2

€

3.4 Cross Terms

Now we will focus on 75, and it suffices to show that
lim7, =0 a.s. 3.8)
Let S;; =S —(1/n)X; X} — (1/n)XjX;f. By Lemma 4.3, we can write T, as

—1
X*(S;; —AD)7'X

1
Th=— .
n? ; (14 3 X7 (Si = AD 7 X+ 3 X3Sy — AD 7' X

This expression plays the central role in our investigation.

Previously, we have defined the matrices S; and S;;. Similarly, we can define
such matrices with additional subindices, such as S;,j,, Siji,ji jp» €tC. In general,
let A C [n] be a finite index set, then Sy is defined as

1
Sp=S— ;Zx,-x;“.
ieA

For simplicity, we use the notation A 4 to denote the matrix

Ap=(Sa —2D7L
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3.4.1 Change S; to S;; in the Denominator

Motivated by the symmetry, we first change S; in the denominator of 73 to S;; and
denote the new term by 73:

—1
X?(S,'j =AM X

3=—
n’ ; (14 2 X7 (Sij = AD7IX + £ X3Sy — AD 71X

Z XFAiiX;
n? (1+ Ixxa;;xna+1 XAUX)

Our task in this step is to show that
Dyy=T,—T3— 0 a.s. 3.9)
According to Lemma 4.3, we can write D)3 as

Z XFAijX ‘(1X*AUX~ 0
2 (1+ IxxAixp(+ 1xra;xpa+ 1 X5Aij X))

Z X~Ain'XiAinijAini
n# (U R XFAXD (4 L XF A X)L+ T XA X))

In order to control the norm of the matrix A;;, we restrict it on the event E;; =
{Amin(Sij) > a — €} and consider
XFA; i XiXTA; X X*A,,X

Dy =—;
n4§(1+ XFAX)(L+ XA X)L+ FX3A;X )2

111

where I;; stands for the indicator function of the event E;;. By the Borel-Cantelli
lemma and Lemma 4.5, it is not difficult to see that, with probability one, D23 = D»>3
for all n large enough. Hence it suffices to consider D3 in the sequel. On the event
E;j, A; and A;; are positive definite, and hence

1, 1, |- ?
I+ -X7A: X )| 1+ =-X7 A X; 1+—XjA,'ij >1;
n n n

so in order to prove (3.9), it is enough to show that

1
Dyy=— D OIXFAGXXFAGX XA X[l — 0 as. (3.10)
i#]

Since on the event E;;, the norm of A;; is bounded by 1/¢, due to Lemma 4.6, we
know that
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E|X; Al X;|" = E[E(|X;Aij i X;[" | Aij)]
<K,.n"? for any r > 2,

and similarly
E|X3AijlijXi|" < K.n'/* forany r > 2,

where K, is a constant only depending on r. Making use of these orders, together
with Holder inequality, we can compute the third absolute moment of D}, and the
result is given by

E[D3 [ = 0(727)

Therefore, (3.10) follows from the Borel-Cantelli lemma.

Remark When we move from Dy3 to Dj3, we restrict the matrix Ajj on the event
E;j = {Amin(Sij) > a — €} so that its norm could be controlled by 1/¢. Note that
Ajjl;; is still independent of X; and X ;. In general, for any index set A C [n], we
could restrict the matrix Ap on the event Ep = {Anin(SA) > a — €} to control its
norm. In the subsequent investigation, we need to use this kind of restriction again
and again. Fortunately, due to Lemma 4.5 and the Borel-Cantelli lemma, none of
these restrictions will change the strong limit under consideration. Instead of writing
down A I, every time, we will use A, and make the following assumptions:

Assumption (i). A, is nonnegative definite, and 0 < [|[AA || < (1/€) for any finite
index set A;
Assumption (ii). Ap and {X;,i € A} are independent.

3.4.2 Remove X; and X j in the Denominator

‘We first show that in the denominator, X ;"A,- ;X; can be replaced by tr A;;. Let

X;kAinj

1
Ti=—) :
2 1 1
n? S (L + LA (L + X534, X))

Our task is to show that
Dy3y=T4—T3— 0 a.s.
We write Dy3 as
D43:iz X?A,‘ij(%X?A,’in—%trAij)
n? (L g Ay (4 XA XD (L+ 5 X5A; X))

It is convenient to consider

D=7y

i#]j

XFAX;(EXFA; X — LAy
A+ lwA A+ Ltea)d+ %X;AUX]-)
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instead of D43. The reason is that by computation (again due to Lemma 4.6 and the
Holder inequality) we can find that

E|Ds3 — Dag3)* = 0(n_3/2),
and hence D43 — D43z — 0 almost surely. For similar reasons, we can consider simply
X?A,‘ij(%X?A,’jX,’ — %trA[j)

- 1
D=5, 1
n iz (1+EtrA,‘j)3

For simplicity, we use S(i, j) to denote

X;(Ainj(rl—zX;kAin,' — %tl‘Aij)
(1+1tra;))?

S@, j)=

NOV~V we will compute the fourth absolute moment of 543, and we first expand
E|Dy3 |4 as

E\Dys|* = — > E[SGr, j0SGi2, j2)SGi3, j3)S (s, ja)],
171
272
i37# )3
ia7 ja

where S(i, j) is the complex conjugate of S(i, j). Totally, we need to use eight
subindices here, although some of them may have the same value. According to As-
sumption (i), the Holder inequality, and Lemma 4.6, we know that

p 2\1/2 1 1 ar\ 172
E|SG, )| < (E(XFAi; X)) <E<;X§"A,~in—;trAij> >
<K.n"*n7"?=0@) foranyr>2. (3.11)

Now it is easy to verify that the contribution of those terms with less than or equal to
six different subindices in E|D43|* is of order O (n~2), which is summable. There-
fore, in order to show that

D3 — 0 as., (3.12)
we only need to consider the following two cases.
Case 1: Seven different indices

When there are seven different indices, the summand has finite different forms
depending on which two indices are the same. We only deal with the following kind
of summands here:

E[S(i1. j1)S (2. j2)S(3, j3)8(i3, ja)]. (3.13)

The other forms of the summand can be treated similarly.
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Now, for convenience, we define a useful operator A;. Let f(Ax) be a function
which involves the matrix A5, and assume thati ¢ A. A; is defined as

Ai(f(AN) = f(AN) — f(Aruy)-

For the term in (3.13), in the ideal situation, if X, is independent of other parts,
then the conditional expectation of X, given all the other observations, is zero,
which means that the expectation in (3.13) is zero. Unfortunately, this is not the case,
because X, is involved in the matrices A;, j,, A;;j;, and A, j,. However, motivated
by this idea, we can consider the following term:

1 1
E(Xl*l Ailele(ZX;kl A j Xip — EtrAiljl)
1+ LA ;)3

1 1
y XZAizjljzxiz(ZX?;Aizjlj'inz - ZtrAizjljz)
1
a1+ n trAizjljz)3
1 1
% XZAi3j1j3Xj3(ZX?;Aiaj'lJéXi} - EtrAi3j1j3)
1
1+ n trAi3j1j3)3
1 1
y Xj4Ai3j1j4Xi3(EX?;Ai}jthi} - ZtrAi3j1j4)>
1 )3 ’
(T4 5 tr Ay jy)

(3.14)

For simplicity, we introduce the notation Sk (i, j):

X7 Ak X (X7 AijiXi — tr Agjr)
(1+ LtrAjjp)?

Sk, j) =

’

and (3.14) can be written as
E[S(G1, j1)Sj, (2, j2)Sj (i3, j3) S, (i3, ja) ]-
Note that now all the matrices involved in (3.14) are independent of X ;,, so the ex-

pectation in (3.14) is zero, and hence subtracting (3.14) from (3.13) will not change
the expectation in (3.13). This leads us to consider

S(i1, j1)S(a, j2)S3, j3)8 (i3, ja) — S, j0)S), (2. j2) S, (3, j3)S, (i3, ja)
= S(i1, jO[Aj (2, j2)]S 3, j3)S(i3, ja)
+ SG1. j0)Sj G2, [ A, 83, j3)]83, ja)
+ S, j1) S (2. j2)S), 3. j3)[ A, S3. ja)]- (3.15)

The explicit formula of [A j; S(i2, j2)] can be expressed as
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Aj S(iz, j2) = S(i2, j2) — Sj, (i2, j2)
[ Aji A+t A )P 1XE Ay jy X jy G XE Aiyjy Xiy — 3 0 Ay jy)
1+ —trAi2j2)3(l+ztrAi2jlj2)
+[A.,'1(Xi*2A,'2j2 NG XE Aiyjy Xiy — 3T Aiyjy)
(14 Lt ag, ;03

i2)2

a4+ trA!z/ljz)

1 3 1 1 2

1+ - tI‘Alzjz = 1+ — trAlzjz 1+ — trAlm

1 1

1+ " tr Aiy j j» 14— trAlzjz
1
(1 + - tl‘A,2J'2>
1
+ (1 +

2
1
trAizjl./'z) |:A,,(1+ trAzz/z):| (3.17)

X* A o X [A; (X*A Xi, ltrA--)]
4 Zipfintnl 0 n 1Rl (3.16)

where

1 yx*
1 1 =-X3 Az . X,
<1+ trAlzj2>=_;l n i 1124jl/2 ])1( , (318)
+5 12 % i

1 XizAizjljzle Xj, Aijip X
A (XG A Xp) == = (3.19)
+E jirtgtz

1 2
1 1 1 ~X* A: X;
A, ( X* Alz]2X —U'A1212> n S igjip
n nl+. X Alz]l]Zle

L 12 1211{2 *11 /1 2J172 12, (3.20)
n L+ 0X5 Aijip X jy

Combining (3.16) to (3.20), again by Lemma 4.6 and the Holder inequality, we find
that

E|Aj,SGa, )| = O(n_’/z) for any r > 2. (3.21)

We can verify that E|A j, S(i3, j3)|" and E|Aj, S(i3, js)|" also have the above order.
Therefore, by (3.11) and (3.15), the order of (3.13) is O (n~Y?). Furthermore, the
same order can be verified for all the other terms with seven different subindices.
Since the number of the terms with seven different sub-indices is at most O (n”), we
know that the contribution of these terms in E|Da3|* is of order O (n~3/2), which is
summable.
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14 J Theor Probab (2010) 23: 1-20

Note that if we compute the order of (3.13) directly by Lemma 4.6 and the Holder
inequality, the result will be O (1). By taking the difference between (3.13) and (3.14),
the order is reduced by n'/%. Since this order reduction method will be used fre-
quently in the subsequent discussions, we present it in a slightly more general form
than that in Lemma 3.2.

In order to simplify the long expressions, we introduce another operator W; and
extend the definition of A;. Let f(Aa,, Aa,,-..,An,) be a function which involves
the matrix Ap, Ap,, ..., Aa,,; Vi is defined as

Wi (f(Ap Anys - An,)) = f(ANL Apy s A,
where
A=A Ufi}, k=1,2,....m.
As an example of this operator, note that Wi S(i, j) = Sk (7, j). A; is defined as
Aif=f—-Vif

Consider the following typical expressions:

XFAAX; withi, j €A, (3.22)
1
—(XfArX; —trAy) withi €A, (3.23)
n

! (3.24)
1+ Ltray ’

1 .
——————— withi €A, (3.25)
l—i-zX;kAAXi
X¥Ap Ap, X withi € AjN Ay, (3.26)
X;'kAAlAAZXj withi € Ay, je AN As, (3.27)

where i # j. The orders of (3.22)—(3.26) can be easily computed by Lemma 4.6. For
(3.27), we use the following inequality about the operator norm:

E|XFAn A X < E(|XFIAA TTAAIIX 1)
r
< (cﬁ. 1 ~Cﬁ) — o)
€

for r > 1, because the entries of X; and X; are uniformly bounded. Now we pick
some index k # i, j and apply the operator Ay to them. For (3.22)—(3.24), the results
can be found from (3.18)—(3.20). The other results are the following:

< 1 ) 1 X?AAU{k}XszAAU{k}Xi
T T < 1=
L+ 1XFANX ) n? (L4 2XFANXD (1 + S XF Anum Xi)

ITINE (3.28)
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Ak(X?AAlAAZXj)
=X (Ap, — An kD AN X+ XA oy (An, — Apup) X
A XFAN U XK XF AN K AN X

J
= TN
L+ 2 X5 An Uk X l

2 XF AN U A LUK XX Ao X
1+ %X:AAZU{k}Xk

Liggnyys (3.29)

where Ir¢, is 1 when k ¢ A and O otherwise. The one for (3.26) is very similar with
(3.29). We can also compute the orders of these differences and summarize the results
in the following table. For r > 2,

C E|C|" E|AC|"
(3.22) on'’?) o)
(3.23) o(n="?) omn™)
(3.24) o) on™")
(3.25) o(1) omn™")
(3.26) on") on''?)
(3.27) o(n") on''?)

Now we are ready to present the lemma.

Lemma 3.2 Let X be the up-left p x n corner of a double array {X,, : u,v =
1,2,...} of i.i.d. bounded complex r.v.s with zero mean and unit variance. Assume
that Assumptions (i) and (ii) hold. We consider a typical product,

l_[ Cy, (3.30)
k=1

which satisfies

(i) each Cy is (or the conjugate of) one of (3.22)—(3.27), so there are at most two
indices iy, jix and at most two index sets A1, Axy corresponding to i, j and
A1, Ao in (3.22)—~(3.27) for each Cy;

(1) there is an index, say ji, which satisfies
(a) j1 comes from C1, and C1 has the form (3.22): Xl’"1 Ap X5
(b) j1 appears only once among {ix, ji, k=1,2,...,m}.

Then the order of |E [i—, Ck| can be reduced by n'/% from the one computed by

Lemma 4.6 directly.

Proof Because of (ii), we know that

m
E[]‘[wjlck} =0.
k=1

@ Springer
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Therefore, we can express the expectation as the following telescoping sum:
m m m
E[]G= E(HCk - ]_[\I/jlck>
k=1 k=1 k=1
m
:E|:Z<H\IJ.,-IC1>A/1C;<(HCZ):|. (3.31)
>k

k=1 “l<k

Let us consider the kth summand in (3.31). For [ < k, we know that E|W; C;|" has
the same order with E|C;|". For the difference term A j, Cy, if j1 € Ag1 N Ay, itis 0
according to the definition of the operator A j,; otherwise the orders are given in the
preceding table, which completes the proof together with the Holder inequality. [

Remark Let us make two observations here. By applying Ay to (3.30), we get a sum
of several products.

Observation (i). Each product still satisfies condition (i) of Lemma 3.2.
Observation (ii). If there is another index, say j», which also satisfies condition (ii),
then for each product, j, still satisfies condition (ii).

Therefore, it is possible to apply Lemma 3.2 several times when computing
|E TTz=y Cil-

Case 2: Eight different indices

Now we consider the terms with eight different indices which have the form
E[S(i1, j0)S(i2, j2)S(i3, j3)S(ia, ja)]. (3.32)
Due to (3.11),
|E[SG1. j1)S (2, j2)S(3, j3)S (s, jw)]| = O (D).
However, [S(il,jl)S'(iz, Jj2)S (3, j3)5‘(i4, Ja)] satisfies condition (i) of Lemma 3.2,

and ji, j2, j3, j4 all satisfy condition (ii). Therefore, we can apply Lemma 3.2 four
times to obtain

|E[S(i1. j1)S (2, j2)S(3, j3)S(s, ja)]| = O(n?). (3.33)

Now the contribution of all the terms with eight different indices in E |D43|4 is of
order O (n~2), which is summable.

With the results from the above two cases, we can complete the proof of (3.12),
which leads us to consider

o 3 XFAijX;
4=— .
n? 2+ Leapa+ %X;AUXJ-)
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Similarly, in the denominator of 74, X }’fA,- ;X j can also be replaced by tr A;;. In the
following parts, we will focus on

XA”X

Ts = (3.34)
n? ; LAt
and our task is to show that
Ts —> 0 a.s. (3.35)
3.4.3 Proof of (3.35)
Let
X;kAij Xj

ri,j)=———"——"7
(1+ 1trA;)?

Then we can simplify the expression of T5:

1
Ts = — T@a,j).
5= T6J)

i#]j

Since 75 is real, in order to prove (3.35), it suffices to show that £ (T54 ) is summable.
We expand T54 as

1= =5 3 TG 0T 2 ;)T s )T (s, o).

i1#]1
F ]2
373
a7 ja

By Lemma 4.6, we know that
EIT(, DI = 0(n’);
then by the Holder inequality, we have
|ET (i1, j0)T (i2. )T (i3, j3)T (is, ja)| = O(n?). (3.36)

This means that the contribution by terms with less than or equal to 4 indices is of
order O (n~2), which is summable. Now we consider the following 4 cases.

e When there are 5 different indices, there are at least two of them which appear only
once. So we can apply Lemma 3.2 two times to reduce the order of (3.4.3) to be
O (n). Then the contribution of terms with 5 different indices are of order O (n~2),
which is summable.

e When there are 6 different indices, there are at least four of them which appear
only once, so the order of (3.4.3) can be reduced to O(1), and the contribution of
these terms is of order O (n~2).

@ Springer
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e When there are 7 different indices, there are six of them which appear only once,
so the order of (3.4.3) can be reduced to O(n~"), and the contribution of these
terms is of order O (n2).

e When there are 8 different indices, we can apply Lemma 3.2 eight times to reduce
the order of (3.4.3) to O (n?2), and the contribution of these terms is also of order
o(n2).

Therefore, we have proved (3.35)
Now we are in the position to conclude the proof of Theorem 1.4. By the discus-
sion in Sects. 3.4.1 and 3.4.2, we know that (3.35) leads to (3.8), which is

Iim7, =0 as.
In Sect. 3.3, we show that (see (3.7))
limsupT; <1 as.
Combining these two results, we have succeeded in proving (3.4), that is,
limsupX*(S—AD"'X <1 as.VO<i<ua

when 0 < ¢ < 1. As a result of Lemma 3.1, this means that we have established (3.1),
that is,

liminf Amin(S) > a = (1 — V) as.

when 0 < ¢ < 1. The proof of Theorem 1.4 is now completed.

4 Some Lemmas

We first introduce a classical result in linear algebra. In fact, it is Corollary 7.3.8 of
Horn and Johnson [5].

Lemma 4.1 Suppose that A and B are m x n complex matrices, and let q =

min{m, n}. If 61 > 03 > --- > 0, are the singular values of Aand 11 > 1> --- > 174
are the singular values of B, then

lo; —ti| <||A—B| foralli=1,2,...,q,

where ||A|| denotes the spectrum norm of the complex matrix A, which is defined as
the largest singular value of A.

The following rank inequality, which helps us to measure the difference between
two empirical distributions, was proved in Silverstein and Bai [8].

Lemma 4.2 For n x n Hermitian matrices A and B,
1
|FA — F| < - rank(A — B),
n
where || f || = sup,. | f (x)].
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In the subsequent lemma, we list three equalities, which are used frequently in our
proof. They can be proved by simple linear algebra.

Lemma 4.3 Suppose that A is an n x n complex matrix and 8 € C", where C is the
complex plane. If both A and (A + BB*) are nonsingular, then 1 + B*A~1 8 #0, and

_ A~
(A+p8%) "B = 71+ﬁ*f_1ﬂ, .1
_ *A—l
B (A+p6*) " = Hﬁﬂ*—A_lﬁ, 4.2)
B Afl *Afl
AT (A7) = %. 4.3)

The following lemma, which could be viewed as a generalization of the Marcin-
kiewicz strong law of large numbers (see [7], pp. 242-243), was proved in [4].

Lemma 4.4 Let {X;;,i,j =1,2,...} be a double array of i.i.d. complex r.v.s. Let
o> 1/2,>0,and M > 0 be constants. Then, as n — 00,

n= Y (Xij—o)

i=1

max —0 a.s.

j<Mnb

if and only if the following conditions are true:

(i) E|X1;| TP/ < oo;
EXq ifa<l,

(i) = anyvalue in C  ifa > 1.

The next result was proved in [1] (see (1.9b) and the theorem in the Appendix).

Lemma 4.5 Under the conditions of Theorem 1.1, if the underlying variables are
uniformly bounded, then we have, for ¢ € (0, 1),

P()‘min(S) = 77) = o(n_l)
forany 0 < n < (1 — \/¢)? and any positive I.

The first two inequalities in the following lemma were originally proved in [2]
(Lemma 2.7 and Lemma A.1) by martingale inequalities. We also state some simple
consequences for our purpose.

Lemma 4.6 Let Y = (Y1,Y>, ..., Yn)T be a random vector containing i.i.d. stan-

dardized complex entries, B be an n x n nonnegative definite Hermitian matrix, and
C be an n x n complex matrix. Then

E|Y*BY|” < K,((tr B)? + E|Y1[*’ wB?) foranyp>1, (4.4)

@ Springer



20 J Theor Probab (2010) 23: 1-20

Elv*cy —wC|” <K, ((E|Y[*wcc*)”?
+EYi P w(CC*)?)  forany p=2. (4.5)

In addition, if all the entries of Y are bounded by a constant M| and the norm of B
and C are bounded by another constant M, then we have the following immediate
consequences:

E|Y*AY|" < Kpn? forany p>1, (4.6)
E|Y*AY—trA|p§Kpnp/2 forany p > 2, 4.7
E|Y*cY|” <Kpn? forany p>1, (4.8)

and if Z is i.i.d. with Y, then
E‘Y*CZ|p§Kpn”/2 forany p > 2. 4.9

These K, are constants only depending on p, and they do not need to have the same
value.

Acknowledgements The author would like to thank Zhidong Bai for his helpful suggestions. We would
also like to thank two referees for their very helpful comments and criticisms, which have helped to im-
prove the paper a great deal.

References

1. Bai, Z.D., Silverstein, J.W.: CLT for linear spectral statistics of large-dimensional sample covariance
matrices. Ann. Probab. 32, 553-605 (2004)

2. Bai, Z.D., Silverstein, J.W.: No eigenvalues outside the support of the limiting spectral distribution of
large-dimensional sample covariance matrices. Ann. Probab. 26, 316-345 (1998)

3. Bai, Z.D., Silverstein, J.W.: Spectral Analysis of Large Dimensional Random Matrices. Mathematics
Monograph Series, vol. 2. Science Press, Beijing (2006)

4. Bai, Z.D., Yin, Y.Q.: Limit of the smallest eigenvalue of large dimensional covariance matrix. Ann.
Probab. 21, 1275-1294 (1993)

5. Horn, R.A., Johnson, C.R.: Matrix Analysis. Cambridge University Press, Cambridge (1985)

6. Jiang, T.: The limiting distributions of eigenvalues of sample correlation matrices. Sankhya 66, 35-48
(2004)

7. Loeve, M.: Probability Theory, 3rd edn. Van Nostrand, Princeton (1963)

8. Silverstein, J.W., Bai, Z.D.: On the empirical distribution of eigenvalues of a class of large dimensional
random matrices. J. Multivar. Anal. 54, 175-192 (1995)

9. Yin, Y.Q., Bai, Z.D., Krishnaiah, P.R.: On the limit of the largest eigenvalue of the large dimensional
sample covariance matrix. Probab. Theory Relat. Fields 78, 509-521 (1988)

@ Springer



	Almost Sure Limit of the Smallest Eigenvalue of Some Sample Correlation Matrices
	Abstract
	Introduction
	From Sample Covariance Matrix to Sample Correlation Matrix
	Proof of Theorem 1.4
	Truncation
	An Equivalent Problem
	Nonnegative Terms
	Cross Terms
	Change Si to Sij in the Denominator
	Remove Xi and Xj in the Denominator
	Proof of (3.35)


	Some Lemmas
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


