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Abstract

In this document we give the proofs of Lemma 3, Lemma 4 and Lemma 7 of the main article.

In this document we give the proofs of Lemma 3, Lemma 4 and Lemma 7 of the main article.
The lemmas and equations introduced in this document are numbered with a “S”-prefix.

Proof of Lemma 3. Assume X; has mean zero and variance one. Let v, = E(XoX}) be the auto-
covariance of lag k. Then by Proposition 8, Eq. (34) of [1], we know

el < W - Wa(|K). (S.1)

(i) Since ¥4 < oo, we know for any 7 > 0, there exists a N1 > 0 such that |y, < n when k > Nj.
For j <k, define X}, ; = g(eg, ..., €41, e;-, 53‘—17 ...), where (€,);cz is an i.i.d. copy of (€;)iez.
By Eq. (38) of [1], we know there exists a No > 0 such that when k > No, || Xy — Xi|l4 < n.

Set N = max{Nj, N2}, when k > N, we have
Var(XoXp) = E(XGXE) — i = B (XEXR ;) + B [X§(XF - X¢ )] — 7
>1 -1 =2 Xoli-n.

Therefore, (A1) holds because 7 can be arbitrarily small.
(ii) We need to show that

sup Cor(XoX;, X3 X;) < 1.
7>0,0<k<1, (0,5) (k1)

It suffices to show that for some N > 0

sup Cor(XoX;, X3 X;) < 1.
720,0<k<L, (0,5)#(k.0), j+k+HI>N

If j+k+1> N, then the set {0, ], k,l} can be partitioned into two non-empty subsets B
and By whose distance is no less than N/6. We only consider this type of partitions. If there
is a partition such that one of By and B has cardinality one, then similarly as (i), we know
for any n > 0, when N is large enough,

|Cov(Xo X, X3 Xi)| = [E(X0X; Xp Xp) — vjm—k <1
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(iii)

If for any partition both B; and Bs has cardinality two, there are two sub-cases. (a) j < k <1
and k —j > N/6. For any n > 0, when N is large enough, we have

|COV(XOXj,Xle)| = ‘E [XoXj(Xle — Xk’leJ')” § n.

(b) min{j,i} —k > N/6. As in (i), for any n > 0, when N is large enough, we have
Var(XoX;) > 1—mn, Var(X;X;) > 1 —n, and |yj7—%| < 7. On the other hand, the condition
U, > 0 guarantees that the process is non-deterministic, and hence ~ := sup,~; || < 1. It
follows that when N is large enough -

|E(XoX; Xk X1)| = [E(Xo Xk Xk X1 k) + E[XoXk(X; X1 — X X k)]
<v+n.

Therefore,
|Cor(Xo Xy, XpXo)| < (v+2n)/(1—n) <1

when 7 is small enough. The proof of (ii) is now complete.
We first consider (A3). Note that

Cov(X; X, X;. X)) = Cum(X;, X;, Xi, X) + YiekVj—1 + Yie1Vji—k>

where Cum(X;, X;, Xy, X;) is the fourth order joint cumulant of (X;, X;, Xg, X;)7. Fix a
subset {7, j}, for any integer b > 0, there are at most 8b* subsets {k,l} such that {k.I} C
B(i;b) U B(j;b), where B(z;r) is the open ball {y : |z —y| < r}. For all other subsets {k,(},
by (S.1), we have

ViekVi—t + Yie1Vi—k] < CWa(b).
On the other hand, using similar arguments as Theorem 21 of [1], we can show that
Cum (X, X;, X, X))| < Ca([b/2]).

Therefore, if W4(k) = o(1/logk) as k — oo, then (A3) holds.
Now we turn to (A3"). Write

COV(Xin, Xle) = E(XinXle) — 'yi_j'yk_l.

By (S.1), it is easily seen that

> E R =0m)

1<4,5,k.0<m
It then suffices to show

Z [E(X;X; X X;)]2 = O(m*~9),

which is true because by Eq. (38) of [1]
[E(X: X, X5 X)) = [B(X X Xu(Xy — Xup))]? < 12/ Xol|3[Wa(l - K))*.
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The proof of Lemma 3 is now complete. O
We now give the proof of Lemma 4.

Proof of Lemma 4. Suppose (Y1, Ys,Ys,Ys) has a joint normal distribution. We can write Y; =
aiTZ , where Z is a four dimensional standard Gaussian random vector. For any 0 < v < 1, define
the subset of R0,

D, = {(a?,a;,a;,o%) la;?=1and o] o] <1—vfor1<i#j <4}

Since |Cor(Y1Ys, Y3Yy)| is a continuous function on D,,, and D, is compact, the maximum correla-
tion is attained at some point in D,,.

On the other hand, elementary calculation shows that Cor(Y1Ys,Y3Y;) = 1 if and only if
Y1, Y, Y3, Yy are all perfectly correlated. The proof is now complete. O

The proof of Lemma 7 is a refined version of that of Lemma 20 in [1]. We need the following
bounds on normal tail probabilities, which are taken from Lemma 19 of [1].

Denote by ¢q((7i); 1, .., xq) the density of a d-dimensional multivariate normal random vec-
tor X = (Xi,...,X,)" with mean zero and covariance matrix (r;;), where we always assume
ri; =1 for 1 <1i < d and (rj;) is nonsingular. Let

((riz); / / ©0dq (i), 1, ..., xq) dag - - dzy.

Lemma S.1. For every z >0, 0< s <1,d>1 and e > 0, there exists positive constants Cy and
€4 such that for 0 < e < ¢qg

1. if |rij| < e foralll <i<j<d, then
Qul(r)i2) < Cafale.1/2) exp { - (§ - Cae) 2} (52)

where for(,) = Yo @'y and for_1(2,y) = X #'y2E D71 for k> 1;
2. if for all 1 <i < j <d+1 such that (i,j) # (1,2), |rij| <€, then

Quen ((r5):2) < Caep { - (L2 ) 2 (83

We first give a one-sided version of Lemma 7 and its proof, then we show how it implies
Lemma 7.

Lemma S.2. Assume either (B1) or (B2). For a positive real number z,, define the event A, ;

and Qp.q4 as
Api ={Xni> 2z} and Quq= Z P (ﬂ An,i) .
ACT,,|Al=d €A
If z, satisfies that z2 = 2log s, — loglog s, — log(47) + 2z + o(1), then for all d > 1
efdz
d! -’

lim Q4=
n—oo
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Proof. The following facts about normal tail probabilities are well-known:

1 P(X; >
P(X1>x) < e forz>0 and lim (X 2 7) =
21w z—oo (1/2)(2m)~ Y2 exp {—22/2}

By the assumption on zy, if for each n, X, ;, i € Z,, are i.i.d., then by (S.4),

. . (n
nh_)rgan,d = lim <d>Qd(Id;zn)

n—oo

= lim n 71 ex —% —eidz
 nooo \d (27)d/2 P 2 [ A

When the X, ;’s are dependent, the result is still trivially true when d = 1. Now we deal with the
d > 2 case. Suppose (b,) is a sequence of positive numbers which approaches infinity. For each
subset J of Z,, with cardinality |J| = d, we define an undirected graph ¢(J) by identifying each
i € J with a node and saying i and j are adjacent if |ry; j| > v(n, b,). Suppose the graph ¢(.J) has
d — s connected components By, ..., Bg_s. If s > 1, assume w.l.o.g. that |B1| > 2. Pick ko, k1 € By,
and k, € B, for 2 < p <d—s, and set K = {ko,k1,k2,...,kq_s}. Define Q; = P(NgesAx) and
Qi similarly, then Q; < Q. By (S.3) of Lemma S.1, there exists a number M > 1 depending on
d and the sequences (7,) and (by), such that when n > M,

1— )2 +d-—
QR < Cyg_sexp {_ (( 7 )2 ° Cd—s’V(nabn)> 2727,}

_ 2
< Cdsexp{— (d 5 i + (1 3%”) >zg}

Note that 22 = 2log s, — loglog s, + O(1). Pick b, = [s%] for some o < (1 — ~,)?/3d. For any
1 <a < d-—1, since there are at most O (b?Lsﬁlf“) subsets J C Z,, such that |J| = d and the graph
4 (L) has d — a connected components, we know the sum of Q) over these J is dominated by

when n is large enough, which converges to zero. Therefore, it remains to consider all the subsets
J C T, such that the graph ¢(.J) has no edges.

Let J C Z,, be a subset such that |J| = d, and |ry, ; ;| < v(n, by,) for all pairs 4, j such that 4,5 € J
and i # j, and J(d,by) be the collection of all such subsets. Let (r4;);jes be the d-dimensional
covariance matrix of X j := (X, ;)ics. There exists a matrix Ry = 0(r4;); jes + (1 — )14 for some
0 < 6 <1 such that

Q4

Qs = Qalla,z) = Y[Ry zalr-
hleJh<l Orhi

Let Ry, H = J\ {h,l}, be the correlation matrix of the conditional distribution of X g given X},
and X;. By (S.2) of Lemma S.1, for n large enough

0Qq

orp

2

_w} Qa2 (Rr; (1 —3v(n, b)) zn)

zZ

s <o

22
< CCuafaa(y(n,by).1/20) exp {—1+|M|}
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X exp { (Cl;2 —2C3_97v(n, bn)> (1 —37(n, bn))2z,21}
< Cafaa2(y(n,bn), 1/2,)

cexp{ = (§ - (2Cua+ 3~ Dlnatn) = ) 2

< Cafaalr(n b /o) e { - (§ - Ot ) 2}

It follows that

> Qs — Qalla; zn)|

JET(dbn)
< Cafa—a(v(n,by), 1/2n)
d
X Z Z eXp § — (2 — Cyay(n, bn)) 2721} ’rn,i,j‘ (S.5)
TET(dbn) inj€T; i ’
< Cafi—a(v(n,by),1/2,)s02

* d
X Z exp {— <2 - Cd'}’(na bn)) 2727,} ‘Tn7i7j|7

1,j€Ln

where the sum > 7 ;7 is over all the pair (i, ) such that |ry,; ;| < ~(n,b,). Under the assumption
(B1), we have

Y Qs — Qullg; zn)|
JeT (d\bn) (S.6)

< Cafi—o(v(n,by), 1/2,)(log sn)d/zv(n, by) exp {Cyqy(n,by)(log sn)} .

Since lim,, o0 y(n, by,) log b, = 0, it holds that lim, . y(n,b,)logs, = 0. Using the fact that
lim,, o (log sn)l/Q/zn = 271/2 we have lim,_, o fa—2(y(n,bn),1/2,)(log sn)d/%l = 274/2+1  There-
fore, the term in (S.6) converges to zero, and the theorem holds under (B1).

Alternatively, if (B2) is true, from (S.5) we have

> Qs — Qalla; zn)|
JET([bn)

*

< Cafa2(v(n,b,),1/2)5, (log 2)* Y~ exp{Car(n,by)(log 5n)} [l

1,J€Ly
1/2
< Cdfde (7(”7 bn)v 1/Zn)5771 (log Sn)d/2 exp {Cd’}/(nv bn)(log Sn)} Z T?L,’i,j
1,J€Ly
< Cys797%(log s,) exp {Cyy(n, bp)(log sn)} = o(1),
and the proof is complete. ]

Now we give the proof of Lemma 7.



Proof of Lemma 7. In the proof of Theorem S.2, the upper bounds on Q7 and |Q; — Q(1g4; zy,)| are
expressed through the absolute values of the covariances, so we can obtain the same bounds for
probabilities of the form P(Ni<;j<q{(—1)% Xy, > 2,,}) for any (a1,...,aq) € {0,1}%. Based on this
observation, Lemma 7 is an immediate consequence of Lemma S.2.

O]
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