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A Single-Pass Algorithm for Spectrum Estimation
With Fast Convergence

Han Xiao and Wei Biao Wu

Abstract—We propose a single-pass algorithm for estimating
spectral densities of stationary processes. Our algorithm is com-
putationally fast in the sense that, when a new observation arrives,
it can provide a real-time update within O(1) computation. The
proposed algorithm is probabilistically fast in that, for stationary
processes whose auto-covariances decay geometrically, the esti-
mates from the algorithm converge at a rate which is optimal up to
a multiplicative logarithmic factor. We also establish asymptotic
normality for the recursive estimate. A simulation study is carried
out and it confirms the superiority over the classical batched mean
estimates.

Index Terms—Batched mean estimate, bias reduction, nonpara-
metric estimation, physical dependence measure, recursive algo-
rithm, spectral density, stochastic process.

I. INTRODUCTION

ET (X,):cz be a stationary process with EX? < oco. Let
the mean ;x = EX; and the covariance function v, =
cov(Xo, Xi) = E[(Xo — p)(Xx — p)], k € Z.1If

> bl < o0 (1)

kez

then the spectral density
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f(0) = 2_Z’Yk€\/__lk6= 2—27ka, 0<6<2m
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2

exists and is continuous, where \/—1 is the imaginary unit.
Throughout the paper, we write ¢ for the rotation eV~1% The
spectral density function captures the frequency content of
the underlying process. In the study of stationary processes, a
fundamental problem is to estimate f(-) based on observations
X;,1 < 1 < n. The problem of spectral density estimation
has a long history (see [1]-[10] and [11] among others) and
it appears in almost all scientific fields including astronomy,
geoscience, economics, physics, and engineering.

This paper considers nonparametric estimation of spectral den-
sity functions. Traditionally, one can use the lag window estimate
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where w(-) is the lag window satisfying w(0) = 1, w(u) = 0 if
|u] > 1 and w(-) > 0, B, is the lag size and
.1 . _
==y (X5 = Xa) (Ko — Xn)
3=1+|k|

for1—n < k < n—1, are the estimated covariances, where X,,
is the sample mean; or [12]’s overlapping batched mean (OBM)
estimate

2 b
0) = i
f(9) 2r(n — b, + 1)
n—b,+1 1 k+b,, —1 2
x > - 2 X-X)d @
k=1 "=k

where b,, — 0o and b,,/n — 0; or the smoothed periodogram
estimate

fs(e):/o Wln(u)K((G—u)/bn)du 5)

where K () is a kernel function and I,,(-) is the periodogram.
Statistical properties of the above and other nonparametric spec-
tral density estimates have been discussed in [7], [8], [11], and
[13], among others.

All of the above estimates are nonrecursive in the sense that
they cannot be updated within O(1) computation once a new
observation arrives. Specifically, if a new value X,,; comes at
time n + 1, then the estimates in (3)—(5) which are based on
X1, ..., Xn, should be updated within at least O(n) computing
steps. Additionally, one has to store all the data Xy,..., X,
available up to time n, thus having O(n) memory complexity.
The latter two shortcomings are highly undesirable in situations
in which one needs to process very long time series. In con-
temporary signal processing, with technological advances, extra
long time series which are machine collected are now commonly
seen and it then poses new challenges for spectrum estimation.

Of particular interest is the estimation of f(0). Under suitable
conditions on (X;) (cf. [14], [15], and [16], among others), one
has

V(X = p) = N(0,0%), where 0® =Y . (6)
kez

Here, = denotes convergence in distribution and a2 is called
the time-average variance constant (TAVC), long-run variance
or asymptotic variance parameter. Note that 27 f(0) = 2. Es-
timation of o2 has been extensively studied. The method of
batched means has been discussed in [17]-[19] (see also ref-
erences therein). Based on the batched means """ " X; /b,
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fork=1,2,...,n — b, + 1, the OBM estimate of o2 is a ver-
sion of (4) with # = 0. If we use nonoverlapping batched means
Zgiktlfl X;/by, for k = 0,1,...,s, — 1 (assume for sim-

plicity n = s, b,), then the estimate

b sn—1 1 (krn+1)bn

~2 n e

D Xi - X,

m=a 2 X ™
k=0 i=kb,+1

is called nonoverlapping batched means (NBM) estimate. In
this paper, the term “BM estimate” refers to both OBM and
NBM estimates. Note that X,, can be computed recursively via
Xotr1 = (nX,, + X,01)/(n + 1). As in [20], if b,, is fixed
and does not depend on n, the OBM estimate (4) can be com-
puted recursively. The latter is no longer true if b,, grows as n
increases. Generally, consistency of 6,21 requires b,, — oo and
n/b, — 0o. Reference [21] proposed a recursive algorithm for
computing o via a modified OBM estimate.

The rest of this article is structured as follows. Section II in-
troduces a recursive (one-pass or single-pass) algorithm for es-
timating spectral density functions. Our algorithm provides real
time updates and is therefore useful for efficient and fast pro-
cessing for extra long time series. The computational advan-
tage becomes more attractive if one wants to compute values
of spectral densities at multiple frequencies. We also present an
improved, probabilistically faster estimate where we can have
a better control on the bias and hence we get faster conver-
gence with smaller mean squares error (MSE). Both estimates
are given for two cases depending on whether the mean y is
known or not. In Section III, we investigate asymptotic statis-
tical properties of our algorithms, present MSE bounds and cen-
tral limit theorems and discuss the choice of batch sizes. We
present in Section IV a simulation study and compare the perfor-
mance of recursive and non-recursive estimates. The technical
lemmas and proofs are gathered in Section V.

We now introduce some notation. For p > 1, we say a (com-
plex) random variable X € £ if || X||, := (E|X|?)'/? < oc.
Write || X|| = || X||2. For two nonnegative sequences (a,,) and
(bn), write a,, = O(by,) (resp. a,, < b,) if there exists a
constant ¢ > 0 such that limsup,, _, . an/b, < ¢ (resp.
1/¢ < liminf,, — o ayn /by, < limsup,, _, o an/bn < ¢) and
an = o(by) if a,, /b, — 0. For two real numbers a and b, define
a Vb = max{a,b} and a A b = min{a,b}. We use C for a
constant and use C), to emphasize that the constant depends on
p. The values of C' and C, may vary from place to place.

II. RECURSIVE SPECTRAL DENSITY ESTIMATION

That (4) is nonrecursive is due to the fact that the block size
b, — oo and the summands have the same size b,,. Assuming
at the outset that ;4 = 0, Section II-A introduces a modified
NBM estimate with varying block sizes and a corresponding al-
gorithm, for which the important goal of algorithmic recursive-
ness can be achieved. The algorithm is improved in Section II-B
where an estimate with bias correction is given, while the re-
cursive property is retained. Section II-C deals with the case in
which the mean g is unknown and one only needs to slightly
modify the recursive algorithm in Sections II-A and II-B.
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A. Estimates With Varying Block Sizes

We first assume that 4 is known and p = 0 (say). Let (ay)
be a sequence of strictly increasing positive integers such that: )
a1 = 1;ii) the differences Ay := ax41 — ay, is nondecreasing in
k; and iii) A — 0o as k — oo. Foray, < i < ap41, letl; = ax
and u; = ag41. As an example, if a, = k>, then [; = |i'/3]3
and u; = ([iY/3] 4 1)3, where |u] = max{i € Z,i < u}
is the integer part of u € R. For n € N, let s, be such that
as, < n < as, +1.In some occasions, we omit the subscript
n from s, when there is no confusion. Let By, = {ax,ar +
1,...7ak+1 - 1}

Given X1, Xo,...,X,, define

Va®) = 3 O + [Ra(6) ®)

where the block sums

apy1—1

Be(0)= > Xio'and Ry(0)= > Xig'. (9

i=ay

We propose to estimate the spectral density f(6) by
V.(8)/(27n). In the sequel, since # will be treated as fixed, we
shall also omit # and write V,,(6) (resp. By (), f(6) etc.) as V,
(resp. By, f etc).

In the expression of R,,, if n + 1 # as, 41, then n + 1 still
belongs to the block B, and R, 1 = R, + X, 10"t If
n+1 = as, 41, then n+ 1 belongs to the next block B, 4 and
we start anew Ry,411 = X141 g”"’l. To summarize, we propose
the following single-pass algorithm:

Algorithm 1 At step n, we store the vector {s,,, R,,,V,,}. At
step n + 1, we update it as follows:

() ifn+1# as, 11,let Rpy1 = Ry + Xpp10™ Y, spg1 =

s, and Vn+1 =V, - |-Rn|2 + |Rn+1|2;
@i1) ifn+1 = s, +1> let Rn+1 = Xn+1 Qn+1, Sn4+1 = Snt+ 1
and V,,p1 =V, + |Rpi1)%
and we give the output as fn 41 = V,41/(27(n + 1)).

The block sizes in (8) are changing. The memory complexity
of Algorithm 1 is O(1) and the computational complexity scales
linearly in n.

B. Estimates With Bias Reduction

Our quadratic sum V,, can be expressed as

V=) Qi (10)
i=1
where
Qi=X]+) XiX; (o7 +07).
j=l;
In view of (2), the bias corresponding to the term @, is
EQ; —2rf =2 ) ;cos(j6). (11)

j>i=l;

The bias can be large if + — [; is small. Therefore, in order to
reduce the bias, we modify V,, by only including those @); for
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which ¢ — [; is large. Specifically, we pick a sequence of in-
creasing thresholds (di) € N and for each i € By, = {ag, ax +
1,...,ak41 — 1}, we include Q); only if ¢ — I; > dj. This leads
to the new estimate V,° /v,,, where V,? is given by

=Y Qi{i—1; > d.} (12)
i=1
and
s—1
vn:n—de—[(n—as)/\ds]. (13)
k=1

Algorithm 1 can be modified and one can compute V,, recur-
sively.

Algorithm 2 At step n, we store {s,,, R, V,?, v, }. At step
n + 1, we update it as follows:

(1) if n+ 1 # as, 41, let spq41 = sy

—ifn+1— a,, > ds,, let Vo, = V2
X2+1 + Xn+1( Rn + Q—n—an)’ Rn+1 =
R, + Xpi 10" and v, g1 = v, + 1;

—ifn+1-a,, <d,,letVy,; = V> Rop1 =
R, + Xn+lgn+1 and Un+41 = Un;

(ii) if n+1 = aanrlslet Rypi1 = Xn+19n+1a
Virr =V, and vpq1 = vn;
and we give the output as f, 1 = Vioi1/(2mopgr).

By deleting ); in V,, with small —{;, we can have an estimate
which converges more quickly in probability; see Theorem 2.
On the other hand, however, our estimate V,° /(27 v,,) may take
negative values. To implement Algorithm 2, we need to choose
the block sequence (ay) and the threshold sequence (dj). The-
orem 2 also provides a guideline on how to choose them.

+

Sn41 = 5n+1s

C. Estimates With Unknown Means

In practice, p is often unknown. So By and R,, need to be
centered. It is natural to estimate ;4 by the sample mean X,, =

Z?:l X7/n Let

s—1
= S IBP + IR, P

k=1

(14)

where, similarly as (8) and (9)

apy1—1 n
By= Y (Xi—X.)'and R, = Y (X; — X.)0'.

i=ay 1=as

We propose to estimate f by V;/(2mwn). Let Ax(f) =
fo{;i o' and 6,(0) = 3.1, o', simple algebra shows that
the difference

V) -V, =

where

s—1
Fo=> " Aw(0)Bi + 6.(0) Ry,
k=1
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and

I+ 16 (0)7.

dn —Z|Ak

We use the following algorithm to compute V! /n recursively.
Algorithm 3 At step n, we store

{Xn78n7Rn7Vn75’n7qn7Fn}'

At step n + 1, we update it as follows:
() let Xpq1 = (0 Xp + Xpg1)/(n +1);

(ll) ifn+1 7é Qs +15 let Rn+1 = Rn +Xn+1gn+1, Spn+1 =

Sn, Vn—l—l =V, - |Rn|2 + |Rn+1|2» 6n+1 = 6'n, + Q_n+17
Gn+1 ? qn — |§n|2 + |6n—|—1|2 and Fn+1 = Fn - Ean +
6n+1Rn+l;
(iii) ifn+1 = as, 41, let Rn+1 = Xn+1g"+1, Sn+1 = Sn+1,
n+1

Vn+1 =V, + |Rn+1| n+1 =0

|6+1]% and Fpq = Fi, + 5n+1Rn+1,
and as the output, we compute fn+1 =
where

s Qn+1 = (n +

Vig1/@2r(n + 1)),

Vé“ (Frg1 + Fog1) Xng1 + qn+1X72l+1

Vn+1 -

A similar bias-corrected version of the estimate V! can be
constructed in a straightforward way:

Ve = Qilfi— 1 > d,} (16)
=1
where
1—1
Qi =(Xi = Xu)? + ) (Xi = X,)(X; = Xo)(0" ™ + 077
Jj=l
Let
s—1
Fl =" (Ax(6)Bx — di(9)BY)
k=1
+ (6.(0O) Ry, — dS(H)B;’) 1{n >a,+d,}
s—1
E |Ax(0)]” — |di(6)])
=1
+ (|5n(0) 2 |d5(9)|2) l{n > as+ ds}

where d(0) = ST pi and BE = S P41 X0l then

1=ay 1=ay,

Voo =V = (Fy 4+ )Xo + 4, X (17
It is clear that V,/° can be computed recursively as well. The
algorithm, which is a combination of Algorithms 2 and 3, can

be easily worked out and the details are omitted here.

III. ASYMPTOTIC THEORY

Asymptotic properties of the BM estimates of the long-run
variance o2 = 27 f(0) have been extensively studied. [22] and
[23] obtained strong consistency. [24] and [25] derived MSE
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bounds which are used to choose batch sizes. Their results de-
pend on restrictive moment conditions and strong mixing con-
ditions which are not easily verifiable. [21] studied the long-run
variance estimation problem for recursive OBM estimates.

‘We shall establish an asymptotic theory of our recursive spec-
tral density estimates by implementing the dependence measure
in [15]. Assume that (X;) is a stationary causal process of the
form

Xi=g(....€i-1,€) (18)

where ¢;,1 € Z, are iid random variables and g is a measurable
function for which X; is a properly defined random variable.
Following [26] and [27], we interpret (18) as an input/output
physical system with 7; = (...,€;,—1,€;) being the input, ¢
being the filter and X; being the output. We shall also write
X; = g(F;). The class of process that (18) represents is huge
and it includes linear processes, Volterra processes and many
other time series models; see [28] and [29]. Applying the idea
of coupling, [15] introduced the physical dependence measure.
Let (€}) be an iid copy of (&), Fi = (..., €_1,€0,€1,...,€;),
j:L/ = ( L€, 66, (S 67;), X1 = g(ﬁ) and XZ = g(]:ll)
For p > 1, X; € LP, define the physical dependence measure

0p(8) = 1Xi = Xillp, (19)
which quantifies the dependence of X; = g(F;) on €y by mea-
suring the distance between g(F;) and its coupled (at the po-
sition €g) version g(F7). The physical dependence measure is
directly related to the underlying data-generating mechanism.
Our main results are based on 6, (%). Define

Z Z op(5)"

where p’ = min(2, p).
In the sequel, we let 02(#) = 27 f(6) and write o2 (resp. V;,)
for o2(6) (resp. V,,(0)) if there is no confusion caused.

1/p'

)and U, , = (20)

A. Mean-Squared Error Bounds

With the physical dependence measure, we have the fol-
lowing convergence rates of the variances of the estimates
V,./n and V.0 /v,,. Define @w(f) = 4 if §/7 € Z and w () = 2
if otherwise.

Theorem 1: Assume EX, = 0, Xo € (% and
©p4 < oo. Assume the sequence (A;) satisfies that
S AT ALY Agand Ay, = o(n).

() Letv? = w(f) Y. (i — I;), then

Vi — EVo|| = va(0? + 0(1)) < AL/ 2012,
(i) Let (v2)? =w(8) Y (i —1)1{i —1; > ds, }. If A —

dr < Ay, then

IV =BVl = vi(0® + o(1)) < A/ 2n/.
Theorem 2 concerns convergence rates of the MSE for some
particular choices of (ar) and (dj). We need either of the fol-

lowing assumptions on the auto-covariances ().
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Al
qu|'yk| < oo for some ¢ > 0. (21)
k=0
A2
Ivk| < Cp* for some C' >0, 0 < p < 1. (22)

Theorem 2: Let conditions of Theorem 1 be satisfied.
(i) Assume (21) with 0 < ¢ < 1, then

|[EVn—na2|2:{ o(s2 AT ),
O(s3).

n

if0<g<1
ifg=1

Hence, if ar = |[ckP] for some ¢ > 0 and p > 1,
then ||V,, — no?||*> = O(b,), where b, = n?>~1/P +
n2/P+2(p=1)(1-9)/p \which reaches the smallest order of
magnitude if p = 1 + 1/(2¢). In particular, if ¢ = 1 and
p = 3/2, then ||V,,/n — o2||2 = O(n"2/3).

(ii) Assume (21) with ¢ > 1. Let ap = [c1k?] and d}, =
|Ag/co] with some ¢; > 0, p > 1 and co > 1, then
Ve —EV2|]> = O(n*~'/7) and

|[EV,> — vn(72|2

o(n?P=DU=O/pH2/p) if (p — 1)(1 - ¢) > —1
= q o(log(n)?), if(p—1)(1-¢q) =-1.
o(1), if (p—1)(1-¢q) <-1

In particular, if p = 14 1/(2¢), then the MSE ||V,? /v,, —
o?||? = O(n=29/(24+1)) reaches the smallest order.

(i) Assume (22). Let ar, = |ck?]| and d, = |Alog(k)],
where ¢ > 0, p > 1and A > 0, then ||V, — EV?|]? =
O(n?>~/?) and

|[EV? — v,
0(n2/p+2>\ log(P)/p)7

=y Olog(n)?)
O(1),

if AMog(p) > —1
if AMog(p) = —1
if AMog(p) < —1

If 2\ log(p) < 2p — 3, then the MSE [|V,¢ /v, — o?|* =
O(n=1/7).

(iv) Assume (22). Let ar = |Mklog(k)] and d, =
|[A2log(k)], A1 > A2 > 0. Then |V,° — EV?||? =
O(nlog(n)) and

EV? — v,07)?
O(n2+2Xzlog p)) if A2 log(p) > —1
L Ollogm®) if Az log(p) = —1
o) if A2 log(p) < —1

If 2Xolog(p) <
O(log(n)/n).

When (21) holds with g > 1, the MSE of the lag window es-
timate has the optimal order O (n~2¢/(24+1)) with an appropri-
ately chosen kernel [30, see for example Section 9.3]. Since the
BM estimate corresponds roughly to the lag window estimate
with Bartlett kernel, it cannot utilize the extra smoothness of the
spectral density and the optimal order remains O(n_Q/ 3) even
when ¢ > 1 or (22) holds. Our bias-reduced estimates actually
correspond to the lag window which is flat with value 1 around

—1, then ||V.°/v, — o?|> =
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<¢---- with bias reduction

usual BM estimate

Fig. 1. Lag windows for the usual BM estimate and the one with bias reduction.

0 and then decreases linearly to O (see Fig. 1). Therefore, they
can exploit the quick decay of the autocovariances and achieve
the optimal convergence rate as the lag window estimates (see
part (ii) of Theorem 2). We shall remark that the bias reduction
works not only for the recursive estimates, but also for the usual
non-recursive BM estimates.

Theorem 2 suggests how to choose the block sequence (ay)
and the threshold sequence (dg). If (22) holds, we have a very
good control on the bias term; see (11). Thus, the bias-correction
is necessary. We can either choose aj, = |ck?| for p very close
to one and d, = Alog(k) for some A > 0 large enough to get
an order of O(n~'/?) for the MSE ||V° /v,, — o2||?, or choose
ar = |A1klog(k)| and d = [ A2 log(k)] for some Ay > Ao >
0 large enough so that the convergence rate of ||V° /v,, —o?||? is
O(log(n)/n), which is nearly optimal. If (21) holds with ¢ > 1,
we can choose ar, = |c1k?] and dj, = |Ax/ce] withp =1+
1/(2g) and 5 > 1 to get the order O(n~24/(2¢+1)), However,
if we only have (21) with 0 < ¢ < 1, the bias correction does
no good and we are in case (i) of Theorem 2.

We now compare Theorem 2 with existing results on BM
estimates of the TAVC 02(0) = 27 f(0). [31] considered the
special AR(1) process X; = aX;_1 + ¢;, where |o| < 1 and
¢; are iid standard normal random variables and showed that
the MSE of the NBM estimates of the TAVC is asymptotically
3(2a/(1 — a?))?/3(1 — a)~*n~2/3. [25] showed that under
some summability condition of the ¢-mixing coefficients and
the moment condition E|X;|*? < oo, the optimal error bound
of the MSE is O(n~2/3) if the batch size is of order O(n'/3).
In comparison, our dependence measures and moment condi-
tions are mild and natural. [21] obtained the same bound for re-
cursive OBM estimates under our Assumption 1 with ¢ = 1.
By Theorem 2, we can obtain the same bound by choosing
aj = |ck3/?| when Assumption 1 holds with ¢ = 1, whereas if
Assumption 2 holds, we can get much better error bounds. The
error bound O(log(n)/n) in case (iii) is almost optimal, since in
the case where X;’s are independent and identically distributed
(i.i.d.), the order is O(1/n).

Remark 1: We provide sufficient conditions for Assumptions

1 and 2. Since projection operators
Pr- = [E(|.7:k) — [E('|.7:k_1) ke Z,

P; X,

(23)

generate martingale differences and X; = jez

k] = [E(XoXk)| = |[E D (P;X0)(P; Xk)
JEZ

< IR XollIP Xl < 82(—4)b2(k — 5).

7<0 70
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Hence, if Y7~ k96, (k) < oo for some 0 < ¢ < 1 and @ > 2,
then Assumption 1 holds; if 6, (k) = O(p*) forsome 0 < p < 1
and a > 2; then Assumption 2 holds. The latter property is
called the geometric-moment contraction and it holds for a wide
class of nonlinear time series; see [32].

B. Central Limit Theorems

To construct confidence intervals for values of spectral
density functions, one needs to have a central limit theorem
(CLT) instead of MSE bounds. CLTs for quadratic forms have a
long history. See [33], [34] and [35] and references therein for
the case where X;’s are iid. For stationary processes in which
dependence is an intrinsic nature, the central limit problem
becomes very challenging. [8], [36] and [37] assumed strong
mixing conditions. [38] made a recent breakthrough and they
obtained a CLT for the lag window spectral density estimate.
Here, with the physical dependence measure, we shall present
a CLT for our recursive estimates.

Theorem 3: Let conditions of Theorem 1 be satisfied. Recall
that w(f) = 4if 0/ € Z and w(f) = 2 if otherwise.
(i) LetvZ = w(#) > i_ (i — ;). Then

Vo BV N(0,0%). (24)
VUn
(i) Let (13)? = w(f) Y1, (i — 1;)1{i — ; > d.,}. Then
Ve —EV?
% = N(0,0%). (25)

To construct confidence intervals for spectral densities, we
shall replace EV,, and EV,° by no? and v,,02 in (24) and (25),
respectively. For the choices of aj and dj, in Theorem 2 (ii),
(iii) and (iv), since the squared bias is of smaller order than the
variance, we can do the replacement without changing the lim-
iting distribution. It is a similar situation for Theorem 2 (i) when
g < landp = 1+ 1/2q. However, when ¢ = 1, if we choose
the optimal p = 3/2, a direct calculation shows that the lim-
iting distribution has a nonzero mean if we do the replacement.
To summarize, we have

Corollary 4: Assume the same conditions as Theorem 1.
Then
(i) Assume (21) with 0 < ¢ < 1, choose ax, = |ckP] for
somec > 0andp = 1+ 1/(2g). Thenif 0 < ¢ < 1,
we still have (24) if EV,, is replaced by no?. If ¢ = 1, we
have
V, — no?

Un

where 7(0) = 3772, jv; cos(j6).

(ii) Assume (21) with ¢ > 1, choose ax, = |c1kP| and d}, =
|Ag/ca] with some ¢; > 0,¢o > landp = 1 + 1/2q.
Then (25) remains true if we replace EV,° by v,,02.

(iii) Assume (22), choose ay = |ckP| and dy, = |Alog(k)],
where ¢ > 0, p > 1 and A > 0 is such that 2Xlog(p) <
2p — 3. Then (25) still holds true if we replace EV,? by
V02

(iv) Assume (22), choose ap =
di = |A2log(k)], where Ay > Xy > 0 and
2X2log(p) < —1. Then (25) is still true if we re-

place EV,° by v,,02.

= N(4r(0)/3c, o),

[A1klog(k)] and
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C. Centered Estimates

By (15), same results for the centered estimate V,! can be
obtained from the corresponding ones for V,,, if we have a good
control on F,, X,, and ¢, X2; and indeed it is true [see (47)].
The situation for V,'° is similar in view of (17). Corollary 5
summarizes the results for those centered estimates.

Corollary 5: Assume Ag = o(n) and let conditions of The-
orem 1 be satisfied. Then Theorems 1 and 3 and Corollary 4
still hold for the centered estimates V,/ and V,/°. Furthermore,
the following results in Theorem 2 remain true.

(i) Assume (21) with 0 < ¢ < 1. Let a = |ckP| for some
¢ > 0andp = 1+ 1/(2q). Then ||V./n — o?||?> =
O(n—2a/(+20)),

(ii) Assume (21) with ¢ > 1. Let ap = |c1k?] and d, =
|Ag/ca] with some ¢; > 0,¢0 > landp = 1 + 1/2q.
Then ||V/° /v, — 02||? = O(n—24/(1+24)),

(iii) Assume (22). Let ar = |ckP]| and di, = |Alog(k)],
where ¢ > 0, p > 1 and 2Alog(p) < 2p — 3. Then
IV fon = %[> = O(n="/7).

(iv) Assume (22). Let ar = |[Mklog(k)] and dr =
[ A2 log(k)], where A1 > A2 > 0 and 2Xslog(p) < —1.
Then ||V, /v,, — 02||> = O(log(n)/n).

IV. SIMULATION RESULTS

This section presents a simulation study and compares
the MSE of our recursive BM estimates with other popular
estimates:

(a) Recursive NBM estimate (8) with aj, = |k*/2];

(b) Recursive NBM estimate (12) with a, = |6k log(k)| + 1

and d = |2log(k)];

(c) Recursive OBM estimate in [21] with a;, = |k%/?];

(d) Nonrecursive NBM estimate, c.f [25] with batch size

[nt/3];
(e) Lag window estimate with truncation kernel

1 &
F0) = 5 > Ao
k=—B,

We abbreviate them by RNB1, RNB2, ROB, NB, and LW, re-
spectively. The LW estimate in (e) is the analog of the one in
(b) in the context of lag window estimates. To compare the LW
estimate with (b), we choose B, = |2log(k)], where k is the
solution of the equation a;, = n. We consider linear and bilinear
processes whose spectral densities have closed forms.

Example 1 (Linear Process): Consider the ARMA(p,q)
process

Xi - Xio1— =B Xip =i+ o1+ -+ ay€i_g,
where ¢; are iid with mean O and variance 72 and
Bi,--.,Bp, a1, ..., a4 are real parameters. Assume all roots of

the equation zP — ?:1 B;zP~3 = 0 lie inside the unit circle.

Recall p = V=%, The spectral density function is
2
. 7'2 ‘1 + Z?:l ajgj‘

2w |2
‘1 = i1 B

f(0)
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TABLE I
MSE OF ESTIMATES OF TAVC FOR THE AR(1) MODEL
n 5e3 led 2e4 Se4 le5 2e5 5e5
RNBI | 2114 .1294 0834 .0452 .0297 .0192 .0104
2211 1347  .0857 .0462 .0302 .0194 .0105
RNB2 | .3187 .1731 .1005 .0468 .0249 .0148 .0063
3190 .1745 1005 .0467 .0250 .0148 .0063
ROB 3333 2180 .1416  .0789 .0527 .0342 .0180
3447 2244 1443 0780 .0533 .0345 .0181
NB 1891 1290  .0779  .0396 .0267 .0175 .0094
1972 1338 .0801 .0405 .0271 .0177  .0095
Lw 1161 .0711  .0397 .0181 .0093 .0050 .0024
1169  .0708 .0396 .0181 .0093 .0050 .0024

For each estimate, the first line is obtained for the model with known
EX; = 0, while the senond line is for the centered estimates.

TABLE II
MSE FOR ESTIMATES OF TAVC FOR THE BILINEAR MODEL

n 5e3 led 2e4 Se4 le5 2e5 5e5
RNBI1 | 2966 1.744 1.081 .5349 3248 .1907 .0924
301 1.777 1.094 5401 .3278 .1922 .0929

RNB2 | 4.181 2209 1.221 5131 3119  .1594  .0707
4.146 2205 1216 .5125 312 1595 .0706

ROB 3892 2621 1.724 8611 5388  .3383  .1706
3944 2657 1.738 .8678  .5423 34 1712

NB 2.899 1.697 1.043 5119 3149 1771  .0902
2941 1.726 1.055 5167 3175  .1783  .0906

LW 2702 1421 .8087 .3785 1868 .0912  .0368
2.673 1421 .8077 3774 1866 .0912  .0367

The footnote after Table I applies here.

Example 2 (Bilinear Model): Let ¢; beiid N (0, 7%). Consider
the recursion

X; = (a+be) X1 + €, (26)
where a and b are real parameters. If p2 = a2+ 0272 < 1, then
(26) has a stationary solution [29, Theorem 4.5] and 62(n) =
O(p™). Simple calculation shows that

2
T K|

= ——— —andy, =a .
M= T2 22 Tk 7o

By Remark 1, (22) is satisfied. The spectral density is

Y 2a(cos(f) — a)
f(0) = o (1 + (1 —acos(9))?+ (a Sin(9>)2> '

We consider the estimation of TAVC on two models:
(i) AR(1) model X; = 0.5X;_1 + ¢;; (ii) bilinear model
X; = (0.6 + 0.4¢;)X; 1 + €. In both models we let (¢;)
be iid N(0,1). For each estimate and each sample size (see
the top row of Table I, where 5e5 means 5 x 10%), we repeat
the simulation 1000 times and record the average of the 1000
squared distances from the true TAVC. The results (multiplied
by (27)?) are summarized in Tables I and II. The MSE of
RNBI is always roughly the same as NB. The biased corrected
version RNB2 does worse at the beginning, but performs better
when the sample size gets larger. The MSE of RNB2 decreases
faster than the other three estimates RNB1, ROB and NB as
the sample size increases, which confirms the fast convergence
asserted in Theorem 2 (iii). Furthermore, the RNB2 is closer to
LW than RNB1, ROB and NB when the series is long enough.
Elementary calculations show that, by [38, Theorem 2], the
variance of the LW estimate is 8n~!log(n)o*(1 + o(1)),
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Fig. 2. Times needed for RNB1 and NB estimates. The straight line is for the
recursive estimate. The computation is done on Intel Core Duo T2300 processor
with 2G memory and Ubuntu 9.10 operating system.

TABLE III
MSE FOR SPECTRAL DENSITY ESTIMATES FOR THE AR(1) MODEL

5e3 led 2e4 Se4 leS 2e5 SeS

0 29962 17415 10254 5078 3009 1745 881.5
43828 24730 12300 5183 2650 1487 607.6

41831 25218 16029 8384 5180 3145 1725

28576 17006 10059 4917 2927 1733 926.5

29818 14745 8015 3672 1874 1039 404.8

/6 2305 1244 657.1 3015 1704 94.29 44.7
3659 2045 1051 4392 2484 1199 54.36

2795 1479  732.6 3153 183.1 90.48 43.64

2241 1223 6279 2678 161.1 85.61 44.6

2145 1055 573.2 2628 1279 63.62 28.32

/3 480.2  280.7 157.6  77.65 46.26 28.73 14.64
485.6  297.6 1542 67.69 35.56 18.05 7.783

7839  502.7 286 1512 94.02 60.27 30.72

483.1 282.9 154.3 79.6 45.3 28.11 14.12

367.3 148.6 732 30.82 15.84 8.95 3.769

/2 171.9 104.5 62.6 30.68 18.834 10.48 6.022
157.6 83.31 4284 1923  10.05 5.122 2.321

3522 220 1349 7046 4348 26.36 14.69

184.5 103.7 63.12 31.64 18.84 10.96 5.928

94.07  44.25 2575 1239 5518 2.873 1.278

2n/3 | 9239 5515 3312  17.35 1045 6.481 3.291
7434 4039  20.82 9.374  4.926 2.571 1.084

193.7 1183  74.04 39.44 24.2 15.21 8.148

948 5536 3253 1742 10.15 6.246 3.249

34.12 2794 15.18 6.465 3.109 1.143  0.6511

57/6 | 63.38 38.49 226 1142 7.042 4.173 2.228
47.45 27.23 139 6.777 3.394 1.72  0.8407

1344 8697 5279 27.82 17.5 10.56 5.671

62.47 39.14 2189 1195 6.875 4.2 2.176

35.81 19.99 12.08 3.196 1.6 09712 0.5119

s 69.21 4374 2632 13.12 8.154 4.946 2.5
7143 4232 2327 9917 4959 2.891 1.418

133.7 85.04 51.61 26.16 17.15 10.61 5.468

674  42.65 2444 1255 7.735 4911 2.503

53.57 26.4 1431  5.996 3.37 1.567 0.6711

We consider 7 frequencies evenly spaced on the interval [0, 7]. There are
five rows for each frequency, corresponding to RNB1, RNB2, ROB, NB
and LW respectively. The average MSE is multiplied by (27)2 x 10%.

while by Theorem 1 our RNB2 estimate has a bigger variance
24n~tlog(n)o*(1 + o(1)).

Now we compare the time used for computing different TAVC
estimates. We run the AR(1) model with known EX; = 0 for 108
steps, updating RNB1 and NB at each step. Fig. 2 plots the time

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 7, JULY 2011

TABLE 1V

MSE FOR SPECTRAL DENSITY ESTIMATES FOR THE BILINEAR MODEL
5e3 led 2e4 Se4 le5 2e5 5eS
0 2015 1323 8594 4564 284.2 184 104.8
3020 1745 1003 430.6 243.9 131.1 59.92
3362 2208 1435 811.6 505.5 315.7 177.9
1927 1213 7413 4268 263 176.2 93.32
1117 6262 3558 1725 91.71 48.3 20.95
w/6 279.6 1834 107.2 58.97 37.63 23.54 13.57
733.8 4282 229.6 1022 57.19 309 15.21
281.6 181.6 110.1 5691 36.4 21.89 13.01
261.5 1599 98.12 52.66 31.92 20.8 12.09
266.5 1434 8648 42.25 20.44 10.22 4.928
w/3 103.1 5934 37.68 20.19 12.78 7.877 4.664
187.3 1146 61.88 29.84 16.41 8.385 3.529
130.1 76.53 50.78 26.93 17.41 10.83 6.204
91.63 56.2  33.19 18.98 10.75 7.202 3.883
98.98 414 2377 1024 5.675 3.55 1.372
/2 50.64 31.85 19.58 11.06 6.92 4.44 2.401
7449 4212 21.71 1031 5.747 2.948 1.275
87.69 57.18 36.14 20.51 12.72 8.144 4.586
47.02 30.34 1838 10.08 6.576 3.739 2.186
3281 15.63 10.16 4473 2.226 1.298  0.5403
2r/3 | 31.38 18.7 1135 6.821 4.191 2.48 1.331
37.27 2091 12.1  5.484 2.727 1.488  0.6591
61.3 37.5 24.06 14 8.809 5.405 2913
2891 1873 10.77 6.615 3.98 2.462 1.292
13.63 1021 5.628 2.512 1.391  0.5251  0.3339
57/6 | 23.37 14.65 8.531 4.624 3.099 1.852  0.9928
26.7 149 7701 3.438 1.965 1.071  0.4596
46.94 2891 1779 9.954 6.574 3.976 2.175
23.04 1386 8.606 4.526 2.822 1.774  0.9463
12.17  8.139 4228 1.374 0.6954 0.4284 0.2312
T 30.1 18.7 11.78  6.086 3.965 2.472 1.318
47.67 2572 1439 6.774 3.7 1.925 0.8479
503 31.53 2027 10.54 6.982 4.35 2.327
27.15 16.78 10.68 5.93 3.502 2.386 1.242
2284 11.02 6.3 2952 1.596  0.7991  0.3708

The footnote after Table III applies here.

used against the number of steps. We see that, as expected, the
time needed for our recursive estimate increases linearly, while
the usual batched means algorithm is much slower.

We also compare the spectral density estimates at other fre-
quencies for the previous two models. Since the MSE for the
centered estimates are very similar, we only consider the models
with known EX; = 0. We report the average MSE (of 1000
repetitions) in Tables III and IV and observe similar behavior of
these estimates at all seven frequencies equally spaced on [0, 7).

Finally, we demonstrate the effect of bias reduction on (i)
AR(1) model X; = 0.8X,_1 + ¢;; and (ii) bilinear model X; =
(0.8+0.4€;) X;_1 + ¢;. Again we let (¢;) be iid N (0, 1) in both
models. For RNB2, we now use A\; = 6 and Ay = 2.5 so that
the condition 22 log(p) < —1 of Theorem 2 (iii) is satisfied.
We obtain estimates for 24 frequencies equally spaced on the
interval [0, 7]. For each method, we repeat ten times and record
the average. Fig. 3 suggests that RNB2 has the smallest bias,
confirming the effect of bias reduction. From the second row of
Fig. 3, we see the bias of RNB2 and LW are similar and they are
smaller than the other ones.

V. PROOFS

We first provide a complete proof for the special case § =
0 or o = 1. The argument for general 6 is similar; and in
Section V-D, we shall point out the necessary changes.

As in [38], we shall apply m-dependence and martingale ap-
proximations. For mm € N, we can approximate functionals of
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AR(1):X;=0.8X_s+¢; Bilinear: X=(0.8+0.4¢)X,_,+¢;
re}
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Fig. 3. Comparison of the centered spectral density estimates. The first (resp.
second) column displays results for AR(1) model (resp. bilinear model). The
first row gives the estimates and true spectral densities (all multiplied by 27).
The second row shows the distances from the true density.

the process (X;) by the corresponding functionals of the m-de-
pendence process

X,L' == X7,m = |E()(1;|Ei_m,7 e 61‘) = IE(Xq',|fL'_m,,i) (27)

where Fi_p, i = 0(€i—m,...,¢€) is the o-field generated by
(€i—m,- .., €;). For example, the functional

n n 1—1
Vi = 3o X7 :Z XiZXj

L, = (28)
2 i=1 j=l,
can be approximated by
~ n ~ i—1 ~
L,=> | X)) X;].
i=1 j=l;

Lemmas 6 and 7 provide error bounds of the m-dependence
approximation. Lemma 8 gives a martingale approximation for
En. Lemma 6 is essentially Lemma 1 in [38]. Lemmas 7 and 8
can be proved by using the method in the latter paper. For the
sake of completeness, we present detailed proofs here.

As in the construction of X in the definition of the physical
dependence measure ¢,(7), we let X; (13 be a coupled version
of X; = g(F;) by replacing ¢;, in F; by e}.. If & > j, then
Xk = Xj. Keep in mind that X; ; and Xii{k} represent
different random variables. Similarly we define X; (4.

Lemma 6: Assume X; € L forsomep > 1 and E(X;) = 0.
Let C, = 18p%%(p — 1)=Y2 and p’ = min(2,p). Let
B1,02,-..,0n € C. Then

Z Bi(Xi — X;)
=1

S CpAn@m+1,p7
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where

ho= (zw)”pl.

1=1
Remark 2: The lemma is still valid if we replace X; by 0 and
the bound becomes C, A4,,0¢ .

Lemma 7: Assume EX; = 0, X; € £2? for some p > 2 and
©9,2p < oo. Then

| Ln = ELy = (Ln = ELn)|lp < CpOo0,2pdm,2p AV 1/
(29)
where s = sn is the integer for which as < n < as41,
Amq = me Upt1,9) and 7y, = Z(i—li)l/z.
1=2
Proof: Let Z; = ZZ ! X;, = Z;;i X;,

then L, = Y1, X;Z and L, = Z?zl X:Z;. Let

= S o XiZi—1. Similarly as Xi (ky, we define Z; ()
and Z; (1) as the coupled version of Z; and Z; respectively. By
Minkowski’s inequality

1Pr(Ln — L)l
< Z |:X71(Z1', - Zi) = Xi (1) (Zz’,{k} - Zi,{k}):|
1=2 P
> Xiqwy [(Zi - Zi) — (Zi,{k} - Zi,{k})]
1=2 P
+ Z H(Xi — X )(Zi — Zi)|| =1 I + . (30)
i=2 P
By [38, B3 X — Xiquylly = d(i — k) <

dop(t — k). By Burkholder’s inequality, c.f [11, Lemma
1, | Xi — Xillap, < CopWing1,2p. Thus [[X; — X; —
Xiey + Xiellp< 2Cop min(02,(i — k), Viny1,2,)-
Here we let 69,(j) = 0 if j < 0. By Remark 2,

” an;_;ii__ll Xi’{k}HQp S Cgp(at+1 —j — 1)1/2907213. Therefore
i—1
I, = ZX {k}ZX X Xj{k}+Xj{k})
=2 1=l P
n—1 (uj—1)An
= - X - X+ X)) D X
j=1 i=7+1
s—lazy1—1 ~ ~ apqp1—1
=10 > (X=X =X+ X)) Y, X
t=1 j=a; i=j+1

n

+ Y (X=X = X+ X)) Y Xiqw

j=as i=j+1
J J »

s—lazy1—1

> {205, min[6y,(j — k), ¥

t=1 j=a,

X (ar41 — j — 1)"/200 2, }
n—1
+ ) 205, min[60, (7 — k), Uini1,2p](n — 5)'/*O0 2.

Jj=as

m+1, 2])]

IN
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It follows that

> <050, A Py x Y

k=—o0 k=—o00

s—laip1—1

Z Z min(sp(j — k), ¥

t=1 j=a,

m+1, 2p)(at+1 —-Jj- 1)1/2

L I

+ Z min(da,(j — k),

Jj=a,
<Cy03 5, d2, 5, AL

s—laiy1—1

ZZ at+1_J_11/2+Z 1/2

t=1 j=a, Jj=as

By Lemma 6, || Z; — Zi||2p < Cap(i—1;)*/?@ 11,2, Therefore

n n n 2
Z ng < Z (Z 52p(i - k>c2p(i - li>1/2®m+1,2p)

k=—o0 k=—ococ \1=2

< CpO7 19y Z A;/2®0,2p2(62p(i —k)(i— li)1/2>
k=—oc0 1=2

n

< Cpeg,2p®?n+l,2pA;/2 Z(‘ - li)1/2~

=2

Putting these pieces together and noting that ©,,, 41,2, < dpy 25,
we have

n

|Ln = ELy — (L, —EL}I2 <C2 Y [Pe(Ln — L3I}
k=—oc0
< CpOR 5, d2, 5 A e,

Using a similar argument, the same upper bound can be derived
for || L}, —~E L}, —(L,,— EL,)||? and hence the proof is complete.
|

Remark 3: By the dominated convergence theorem, the con-
dition ©¢, < oo implies lim,, — oo dm,q = 0. This fact is
useful in the proof of Theorem 3.

Lemma 8: Assume EX; = 0, X; € £* and Bpa < 0.
Recall the projection operator defined in (23). Let

D; = ZPI;X’IH“t = ZPJNQH (31)
=0 =0
and M,, = > 1" | D, Z D Then
Viw — ELy — My < O 2| X .

Proof: Observe that )N(k = Z:io ’Pk_tf(k. We have

j=a 4 j=a \t=0 t=0 4
m—1 N m—1 N
= 1> E(XaselFacr) = > E(Xppel Foa)
t=0 t=0 4
< 2m|| Xol|4- (32)
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By Minkowski’s inequality

|Ln — EL,, — M,||
S (Wi —EW)|| + | (W; —EW))||, (33)
=1 7=1
where
i—1 (uj—l)/\n ~
Wi=X;) (X;-Dj)andWj=D; > (X;- D).
i=l i=j+1

We break the sum in W; into two parts as W; = Wy ; + Wy 5,
where

1—2m
W =X; Y (X;-D;)
i=l;
Wy, =X, Z (X; — D;).

j=(—2m+1)Vi;

Note that Wy ;, W1 i49m, Wi i4am, ... are martingale differ-
||2. Therefore

2m ||L(n=i)/(2m)]

< Z Z Wl ,i+2myg

< 0m3/2||Xo||4ﬁ.

(34)

By (32), [|Wa,;|| < 2m||Xol|3. Since (Ws ;) is (3m — 1)-depen-
dent, similarly as (34), we have

n

> (Wai —EWay)

i=1

< Cm*?||Xol3vn.  (35)

By (34) and (35), || 2L, (W; — EW))|| < Om3/2||Xo||4f
For the term W7, write W/ = W{ , + W, ., where W{ ; =
Dy T (i = Di) and W, = Dy S22 (X, = D).
Observe that (W ;s )k>0 is a martingale difference se-
quence with respect to the filtration (F;_(2k+41)m,c0)k>0-
Similarly as (34) and (35), we have || >, (W/ — EW/)|| <

Cm?/?|| X, ||?/n. Hence by (33), Lemma 8 follows. [ ]

A. MSE

Proof of Theorem 1: (i) We first calculate the order of the
variance of M,,. Note that M, is a quadratic form of martingale
differences and

2

n

i—1
Y E[D:i) D,
i=1 j

[M,||* =
=1l

i—1

= Z Z E(DiDj)Z
2

1
i=11;<k<j<i—1

i

n

+2 E(D?D;Dy).  (36)
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Since (Dy) is m-dependent, E(D?D;Dy,) = 0if i — j > m or
j—k>mand E(D;D;)? = ||Dq||*if i — j > m. Hence

n

Y= WD =Y mlDulli =Y 2m? | Duli < [ Mall?

=1 i=1 i=1
Zz—l 1D+ Y mlDill+ Y 2Dt G7)
i=1 =1 =1

Let4o = 7, X7/n. Similarly as (A.1) in [11], [[90 — yol| <

Cn~12||X¢]|460.4. Now combine the results in Lemmas 7 and
8, observe that || D+ || < O, 4, we have for each fixed m, when
n is large enough

[IVie = EVu|l = vno?|
< valllD1? = 0% + € (dm a D47/ + Vim®/?)
(3%)

Note that || D ||2 = &2, where G2 is the TAVC of the sequence
(X;) and that 6> — o as m — co. Since rnAY? and v2 have
the same order and d,, 2, — 0 as m — oo, (i) follows by di-
viding both sides of (38) by vno?, then taking the limit with
respect to n and then with respect to m.

(i1) The convergence rate of the variance of V,; can be proved
by the same argument as part (i). Details are omitted. [ |

Proof of Theorem 2: (i) Let T'y, = 3772, |7;|. Again we write

s for s,,. By (21), we know T'y, = o(k~%) and hence
A,—1
|EV,, — no?| <ZZ AJA, + Z Il
t=1 7j=1
_Jo(sAlT9) ifo<g<1
T O(s), ifg=1.

When aj, = |[ck? |, A, = O(n'1/?) and s = O(n'/?). So the
other two assertions of (i) follows from Theorem 1.
(ii) Let £, = Zjoo:k jq’}/j, then ¢;, = 0(1) and 'y, < /,k~1.

s a;i1—1
|[Evn‘?—vn02|gzz< +Z ri_ﬂ,t+1>

t=1 \i=a;+d;

s Ay S
< ZZ ( Z ﬁkk_q> < ngdt(dt)l_
t=1 \k=d;+1 t=1

When ay, = |c1k?] and dj, = | Ay /co] with some ¢ > 1, we
have dj, =< kP~ and therefore

[EVY — 0,07 < C Y £y, tP~ D=0

t=1

O(H(p—l)(l—q)/pﬂ/p)’ if (p—1)(1—¢q) > -1
=4 o(logs) =o(logn), if(p—1)(1—-¢q)=-1 39
O(1) if(p—1)(1—¢) < -1

(iii) Note that (22) also implies I';, = O(p") and hence

s azr1—1
|[EV; — vn02| §2Z ( i Fi—ﬂ,t—l—l)

t=1 \i=a,+d,
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< 2C’Zpdi+1.

When a;, = |[ck?] and dj, = |Alog(k) |, we have Ay < kP~1,
which by Theorem 1 (ii) implies |V,° — EV,?||? = O(n?~1/P).
Since s = O(n'/?)

[EV® — v,02|% < (202,%“)
2
<40 (Z wogw) (40)

t=1
O(n2/p+2X1es(p)/p) if Mog(p) > —

= { O(log(s)?) = O [log(n)?] , if Alog(p) = —
O(1) if Aog(p) < —1

(iv) For a, = |A1klog(k)| and dj, = [ A2 log(k)| with Ay >
A2 > 0, we have Ay, < \j log(k). So the condition of Theorem
1 (ii) is still satisfied. The bias can be calculated similarly as part
(ii), with the only difference being that now s,, = O(n). Hence,
the conclusions in (iii) follow. [ |

Remark 4: In general, the bounds on the bias terms in The-
orem 2 cannot be improved. For example, consider an AR(1)
process with 9 = 1 and y; = p, where 0 < p < 1. Elementary
calculations show that

a1 —1
|[EV® — v,0 2|>2Z( +Z T ai+1>
t=1 \i=a;+d;
ZtMOg(p

So the bounds in part (iii) cannot be improved, see (40). Similar
claims can be made for other cases of Theorem 2.

B. Central Limit Theorems

Proof of Theorem 3: As mentioned in the proof of Theorem
1, A0 = 70ll = O(n='/2). Hence, by (28), it suffices to prove
that 2L,, /v, = N(0,0%). We shall apply the argument in [38].
By Lemma 7, Remark 3 and Lemma 8 (recall that D and M,
depend implicitly on m),

. - Ln - Mn
limsuplimsup || ———|| = 0.
m—> 00 N —> 00 n
Recall that ||D;]|> = 62 — o2 as m — oo, where 52 is the

TAVC of the sequence (X ). Therefore it remains to show that,
for every m,

2M,,
= N (0, [|D1]¥). (41)
Since ||y i, D; Z] (i—2m+1)Vi; Djll = O(y/n), the
problem is reduced to
n i—2m
> DiYi= N(0,||Dy]|*), where V; = Y D;.
Vn 1=142m j=l;
(42)
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Note that D; and Y; are independent. By Burkholder’s in-
equality

Z |1 D;Yl5 < CZ(Z' —1;)?

i=14+2m i=1

=o(}). (43)

Hence, by the martingale central limit theorem c.f [40], it suf-
fices to verify

VI . .

—~ > E[D:iY;)?[Fiza] = || Da]|* in probability. (44)
n i=14+2m

For any —m < [ < —1, since

2 n

Z Pin(DiY)?|| = Z [Piga(D:Y)?)?

1=142m 1=142m
n
<2 Y |IDilllIYilli
1=14+2m

we have || Y27 5. Pigi(DiYi)?|| = o(v2) by (43). Note that
E(D?Y2|F;_m_1) = Y2E(D?), (44) is therefore reduced to

n

4
a2

" i=142m

— || D1||* in probability. (45)

Let a™ = a V 0 for any real number a. Since
n

> g 3 G-l In

" i=142m Vi, =142m

— ||D1||2 (46)

it suffices to show v, 2 37" |, (V> —EY;”) converges to zero
in probability. We calculate its £? norm,

n 1—2m

> > (Di-ED))

1=14+2m j=I;

n

o7 -

i=142m

+zzn: >

i=142m 1; <j<k<i—2m

EY?)

D]'Dk =: A, + B,.

Itis clear that B,, = o(v?). Using a similar argument as (36), we
have A,, = o(v, ) It follows that | >, (Y? — EY?)|| =
o(v2) and the proof is complete.

(i1) The CLT for V,? can be proved similarly. [ |

C. Centered Estimates

Proof of Corollary 5: We only give a proof for the estimate
V), since the one for V,)° is similar. Write F;,, = Y. | ; X;,
where a; = A if ap <4 < agy1. By Lemma 6

n 1/2
[Fulla < CO04 <Z af) = O(v/nA,)

i=1
and || X,,||2p = O(n=1/2). It follows that

[FaXall = O(A,) and [|g. X7l = O(A,).

Since A, = o(n), ||F,,X,|| and ||g,X?|| have smaller orders
than ||V,, — EV,,||. Therefore, Corollary 5 follows. |

(47)
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D. Proofs for Other Frequency 6 € (0, )

The basic idea is to replace every X; by X' in the proofs
for § = 0. Specifically, Lemma 7 still holds with

i—1
X' Xjo
7=l

Lemma 8 holds with M,, = Y7, D, ¢ Z;;} Djo~7, where
D; =307, P; Xi4¢0'. Observe that (D;) is an m-dependent
and stationary martingale difference sequence and ||D;||s <
©g,4. A careful check of the proof of Theorem 1 with § = 0
implies that it holds for general § by noting that:

(i) E|Dy|*> = 2xf(6) for any 6, where f(f) is the spectral
density of the sequence (X;).

(i) For§ # 0,V, = > X2+ L, + L,, where ~ de-
notes the complex conjugate. Thus we need t0 calculate
||M,,+M,,||? instead of || M,,||*. LetY; = Z] _, 07 Dj,
similarly as (36) and (37), we have

n

L=y

=1

S E (DY + DiY;)’

i=1

HMn + MnHz =

=23 |IDi|P|Vill* + > (EDJEY; + EDJEY;)
=1 =1
+ nm?|| D ||30(1). (48)

Observe that |Y;||? = Z ||D |> and EY? =
Si) 0*=DED?. Since | Y2 2@ D| < 1/|sin(8)], we
have sup, |EY;?| = O(1). So Theorem 1 (i) holds for any 6
by the same argument as § = 0. Theorem 1 (ii) can be shown
similarly. Theorem 2 follows from Theorem 1.

Remark 5: Observe that the bounds in Lemmas 7 and 8 are
uniform over § € R. By (48)), || M,, + M, || < v2v,||D:1|> +
C'\/nm. Then, by elementary manipulations and Lemmas 7 and
8, we have the uniform upper bound supycg |V, — EV,|| =
O(vy,). Since all the orders of the squared bias in Theorem 2 are
uniform over § € R, all the upper bounds of the MSE in that
theorem are also uniform. ]

Now we consider the central limit theorem for 6 € (0, 7. The
proof for § = 0 works in general with the following modifica-
tions.

(i) Equation (41)becomes (M, +M,) /vy, = N(O,||D1|*).

(ii) LetY; = Zz_ "™ 0" D; (46) becomes

> (EDIEVZ + EDIEY? 4 9| DE|Y:P)
" j=142m
— [[Dal*. (49)
Since EY? = E; G DED?, (49) is obvious when
§/m € Z. When 6/7r gﬁ Z, (49) follows by noting that
|3 2670] < 1/]sin(8)].

Flnally, since (47) holds uniformly for # € [0, 7], the results

for centered estimates of f(0) also hold for f(6).
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