Lecture 14

E(X? = [° 22" I\ exp(\a) /T (k) da
= A2 [0 M I oxp () /T (k) da
= AT (k+2)/T(k) = (k+ DEX"2.

Var[X] = (k+ DA 2 — E2A 2 = kA2,

:4.4-45

C. Weibull Distribution: Another variant on the Exponential

1.

frequently used to model failure times.

Raise X toapower: X Weib(a, \) ifand only if
Y = (AX)® ~ Expon(1),fora > 0and A > 0.

Then Fiy(x) = P(X <zx) = P(AX)* < (\x)%) =

1 —exp(—(Az)%).

C Then fx(z) = (1 — exp(—(\a)?)) =

exp(—(Az)Ma(Az)* .

Then
E[X] = [z exp(—(Ax)Ya(Ax)* I\ dx

= ;" aexp(—(Ax)")(Ax)" dx

=/ exp(—2)az(1/a)z A" dy
=271 /' exp(—2)21/% dx

— A1+ 1/a).
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Lecture 14

5.
6.

D.

1.
2.
3.

Similarly E[X?] = A°T'(1+2/a) .

= (Az)®, and hence z = z1/%/ ).
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Hence Var [ X] = A"2(T'(1 + 2/a) — T(1 + 1/a)?) . with

. Sincethe map from X to Y isstrictly increasing, if y satisfies

P (Y <y)=p,then P(X < yl/a/)\> =
a. Also note that the p quantile for Y satisfies exp(—y)
or y = —log(1l —p).
b. Hencethe p quantileof X is (— log(1 — p))}/@/X.
Beta distributionfor a >0, b > 0:
x 2711 = 2)"~ 1 for z € (0,1).
a,b) = ig 24711 — 2)P~ L dz
fx(z) =241 — 2)"=1/B(a,b) for z € (0,1).
B(a,b) = T'(a)I'(b)/T'(a + b)
a. Toseethis, check B(a,b)I'(a +b) = ['(a)I'(b).

b. Writeright hand side as
[ f° 2 exp(—a)y ™ exp(—y) da dy

c. Reparameterizeto z =2+ yand w =z/(z +vy).

1 —p,
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density

2_

Weibull Densities

1.51

- Weibull with shape 0.5

Weibull with shape 1

Weibull with shape 2

Rates are all 1
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Lecture 14
5. Expectation:

/01 ZCZCa_l(l — a:)b_l dx/B(a,b)
__/ @t =11 — 2)*=L de/ B(a, b)
= B(a + 1,b)/B(a, b)

_ Ta+Dr)/Ta+b+1)

(a)T(b)/T(a + b)
—a/(a+b)

6. Variance:
BlX? = [ 222% 11 — 2)"~ 1 da/B(a, b)

_/O (a+2) 1(1 >b 1d.iE/B(CL b)

= B(a+2,b)/B(a,b)
_ [a+2)T()/T(a +b+2)
['(a)T(0)/T(a +0)

= (a+1a/((a+b+1)(a+b)
(

a+b)—a*(a+b+1)
a+b+1)(a+b)?
ab

(a+b+1)(a+ b)?
7. Special case: a = b =1 gives uniform.

5.1

E. The Gaussian, or Normal, Distribution:

a+b+1)(a+0b) — (af(a+Db))?
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Beta densities
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1. pdf A"l Lexp(—(z — p)?/(20%))

a. Tocalculate A, notethat A = /=, o1

O .

exp(—(z —

1)?/(20%)) dz = 1% exp(—22/2)) dz , which is free of 11 and
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