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5. Canmove fx(x) atsome points without impacting Fx ().

a. Recall probability density function is that function whose
integral gives probabilities.
b. Riemann definition of ff h(x)dx
i. Finding sequences of partitions of |a, 0]
e aslag,ayl,...,lap_1,ax] with ag=a, ap. =b

e sothat Zle(aj — aj_1) max, ¢ is minimized,

aj—17aj]

e sothat Zle(aj —a;_1) minme[aj_ljaj] is maximized.
ii. Ifupper, lower bounds converge, then common value is the
integral. See Fig. 15.
c. Moving the probability density function at one point induces a
change in only oneinterval.
i. If thisinterval shrinks, contribution convergesto 0. See Fig.
16.
d. Hence may ignore values of probability density function at finite

number of points.

e. Hence we will not distinguise between intergrals over ranges like

la,bl, (a,b], (a,b), [a,b).
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Fig. 15: Lower and Uppe'r Sums f0'r Integration
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I. Square bracket indicates end point is included.
ii. Round bracket indicates end point is excluded.
B. Quantile Function as a description of the distribution.
1. Quantile Definition:
a. Heuristically, inverse of F'x (x).
i. SeeFig. 17.

b. If unique inverse exists, it is this inverse. See Fig. 18.
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Fig. 16: Lower and Uppe'r Sums f0'r Integration
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Variable of Integration

Shows effect of moving integrand to zero at one point

i. Denote the quantile p of random variable X by
6p=Fx (D).
c. (Atleastone)solutionto F'x(¢p) = p existsif F'x continuous,
by intermediate value theorem.
d. Inverseisuniqueif fx(x) > 0 except at isolated points.
i. Ambiguousif F'y(z) hasa flat spot so that various z satisfy
Fx(x) =p. SeeFig. 19.

ii. Thenevery x valuein flat part satisfies quantile function. See
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Fig. 17: FEasy Distribution with Quantile Function
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Fig. 20.
iii. Use ¢p = inf{z|Fx(z) > p}.
iv. Discrete cases might not have a solutionto p = F'x(¢). See
Fig. 21.
e. Sinceinverse need not exist, @p chosen so that
P(X <¢p)>p, P(X =0y >(1—p).
2. Someimportant quantiles

a. The medianisthe 1/2 quantile.
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Fig. 18: Fasy Quantile Function
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. Measures the center of a distribution.

. The median corresponding to a random variable X with

distribution function F'y isthatvalue vy suchthat
P(X<wvyx)>5andP(X >vx)>.5.
In terms of the distribution function, the median vy satisfies

FX(VX) Z .5, 1—FX(V)—<> Z D,

. for adiscrete distn with probability function p x it satisfies

ZxSVX pX<Zlf> > .5 and ZQ;ZVXPX(ZU) > .0,

95
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Fig. 19: Continuous Distribution

. with Distribution Function Plateau
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v. fora continuous distn with probability density function fx it
satisfies [“X fy(z)dr = .5.
b. A quartileisa .25 or .75 quantile.
i. Distinguished by calling upper or lower.
3. Examples of quantiles:

a. Binomial variables with the probability function
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Fig. 20: Quantile Function from CDF with Plateu
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1 _ T ifx =1
p<~r7 T, ) <1> T ( 7T> { 1 — 7 otherwise

b. Thenthe medianis
0 ifr < .5

1 ifm > .5
anything otherwise.

i. Binomial variable, probability function p(x;.5,5): See Fig. 21.

4. Comparison of median and expectation
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Fig. 14: Quantiles of Discrete Distribution
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a. Disadvantages relative to expectation:
i. The median can’t be given explicitly, but only as the solution to
an equation involving bounds on integrals or sums,
li. sometimesisn't unique,
lii. sometimes doesn't give much information.
b. Advantage:

I. always exists.
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WMS: 6.3a

C. Transformations of random variables.
1. Univariate Transformations via the Definition
a. X takesvaluesinsomeset X
b. r isafunctiondefinedon X
c. Want to describe distributionof Y = r(X).
i. Y takesvaluesin Y = r(X).
ii. viathe probability function or probability density function for
Y.
iii. When X isdiscrete, this was easy.

e Sum over appropriate values of X :
py(y) =P =y)=P(r(X)=1y)

= > P(X=12)= ) px()
r(z)=y

iv. If r isonetoone,
e aninverse for r existson )/,
e sumsabove all have only one addend.
v. If r isnon-decreasing, then expression in terms of the

distribution function is easy:

Fy(y) =P <y)=P(rX)<y)
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=P (X <r7y) = Fx( W), (1)
d. Example:
i. 7(z) = 22, distribution function for X is 1 — exp(—zx) for
x>0,
i. 7 Hy) = /Y.
ii. Then P(Y <y)=P (X < /x)
WMS: 6.4a
2. probability density function of a transformed continuous variable
a. When X is continuous then generally (but not always) Y also
has a probability density function.
i. Let fx bethe probability density function for X .
ii. Denote the transformation function by r(x).

b. fy(y) cangenerally be expressed in terms of the
original probability density function: fy-(y) =
) | £ )]

i. When r is non-decreasing and has inverse,

e Differentiate distribution function:
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ii. Requirestransformation to have positive derivative.
c. Examples:
i. r(z) = x?, probability density function for X is exp(—z) for
x> 0.
o 1y =y £y =1/2vY).
e fyly) = exp(—\/@%y_z. See Fig. 22.
i. 7(x)= /T, probability density function for X is cexp(—xz?)
forxz > 0.
e c=2/y/m,butwedon'tneed this.
o rly =yt Gy =2y
o fy(y) = 2cexp(—yt)y. SeeFig. 23.
d. Canexpress using the integration change of variables formula:
L Jafxdr = [ fxGEdy;
ii. asfunctionsof y using 7 then the product fXZ—g satisfies
requirements for a probability density function.

e. Interpretation: probability density function of Y at y hastwo
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Fig. 22: Transformation of Exponential
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I. partitinherits form the distribution for X,
ii. partthat arises because of stretching or contracting the scale.
e If r ismoving very quickly as £ moves, then probability
arising from fy isstretched over a wide range,
e probability density function of Y should be lower thaniif r

were moving more slowly.
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Fig. 23: Transformation of Normal
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f. Absolute values around derivative account for the case if r
non-increasing instead of non-decreasing;:
i. By the definition of the distribution function,
Fy(y) =P <y) =P (r(X) <y)
—P(X>r ') =1-Fx(' @) () -

ii. probability density function becomes

n@=%&%wwa
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= fx(r_l(y)ﬂ—y?“_l(wl (4)

iii. if r is non-increasing, d%r_l(y) < 0, andsoin both

non-increasing and non-decreasing cases, probability density

function is

10




