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4. Moment Generating Function Summary

a. General discrete distribution for X with probabilities 7; on
points (;: mx(t) = >, mexp((t) fort € R.
b. Binomial X ~ Bin(mw,m): mx(t) = (exp(t)m + 1 — 7)™ for
teRn.
i. Bernoullitrial as a special case with m = 1.
c. Poisson X ~ Pois(A): mx(t) = exp(lexp(t) — 1]\) for
teRn.
d. Negative Binomial N ~ NBin(w, k): mpy(t) =
exp(kt)[1 — exp(t)(1 — @) Fxh if t < —In(1 — ).
i. Geometric as aspecial casewith £k = 1.
e. Gammadistribution X ~ I'(k, 8): mx(t) = (1 — Bt) 7" if
t<1/5.

i. Exponential distribution as a special case with £ = 0.
_ )t =)t
f. Laplace X ~ Lap: my(t) = ~—<—+ —— for |t| < 1.
g. Normal Y ~ N(, 0%): my(t) = exp(%tQU2 + ut) for t € K.

i. Standard normal as a special case with ;1 = 0, ol =1.

5. Higher-Dimensional Distributions
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a. Sample space consists of a region in RE .

i. Example: Continuous biological or economic measurement.

ii. Represent probabilities by integrals of a function over event

sets

iii. Get a legitimate probability if function is non-negative and

integratesto 1 overallof S

b. distribution function: F'x(x1,---,2) =
P(X1 <wy,..., X} <)

c. probability function: px (21, --,z5) =

d. probability density function: fx(x1,---,x;) suchthat
AfX(xla"°7$k>dx1°" dx/{?: P((Xlaan> S A)

e. probability density function is derivative of distribution function:

akFXl,...,Xk<'r17 T 7£C]€>
(Oxy - - Oxy)
akFXl,...,Xk($17 T 7$k>/(0$1 T aZE’k) —

le,...,Xk(xla T 7$k>

i If

exists, then

6. Marginal and Conditional Quantities
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a. Marginal distribution function: If m < k,

Fx, . x,(x1, - om)

= lim ---lim PXy<z,....X; . <z
g e T (X1 <2y, k< )

= Jlim .-+ lim F T, . T
g, el X1, X (T1s e Tg)

b. Marginal probability densityfunction' It m < k,
Iy X (81, Tm) =

/ / Sxqx, (@1, xp) degy g - - dxy,

c. Conditional distributions: If X continuous, then
FX0 o X Xt X (L <o T T 15 - -5 T

— le;-..,Xk<aj17 T 7xk)/me+17"'7Xk<ajm+17 S 756]{7)

WMS: 6.3b,6.4b,6.6
D. Transformations of multiple random variables
1. Thesetup: U =u(X,Y), V =v(X,Y).

a. Inverses X =z(U,V), Y =y(U,V);

I. Unless stated otherwise, assume 1-1.
b. Theobjective:

i. jointdistributionof U, V

ii. marginal distribution of U .

2. Transformationsin the Discrete case:
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a. fuv(u,v) = fxy(@(u,v),y(u,v))

3. Transformationsinthe Continuous case:
a. Thesetup:

I. Let A betheeventon X,Y scale.
ii. Let B betheeventon U,V scale. See Fig. 34.

Fig. 34: Bwartate Transformation

| | | |
LT, ry uy, uyy

X U

Original Scale Transformed Scale

b. P(U,V)eB) = P(X,Y)e A) =
fo;l?;))f y(w,y) dy da
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c. Suppose u, v differentiable with continuous partial derivatives.

d. Let J bethe Jacobian of the forward transformation.

r  Jy
det (8?} (%)

or Oy
e. Let J~ bethe Jacobian of theinverse transformation.

9r  Odx

(5 )| = 1t o
ou Ov

f. Changevariablesto U,V : P ((U,V) € B) =

[ f) p g (ol o).yl 0)) T~ dude

g. Hence fyry(u,v) = fx y(x(u,v), y(u,v)) |J7|

h. Multiple inverses: Sum over them.

L J =

L JT =

4. Distribution of a lower-dimensional transformation
a. Ex., (X,Y) havea jointdistribution.
b. Wantdistributionof U = u(X,Y)
c. Change of variables formula in multiple dimensions doesn’t
work,
I. because Jacobianisn't defined,
ii. and so density formula doesn't work.
d. Fixviatransformingto a space of the same dimension and

marginalizing.
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i. Choosing a convenient additional variable V'

ii. Afunctionof X and Y

iii. Remove its effect on the density by marginalizing.

WMS: 6.5
5. The mgf method: U = u(X,Y)
a. my7(v) = E(exp(vu(X,Y)))
b. Trytorecognize this.

WMS: 5.5
E. Expectationsin Multiple Dimensions
1. Setup:
a. Consider jointly-distributed random variables (X, Y)
b. Consider some summary function g;(x,y).
c. Want E(g1(X,Y)).
2. Discrete distributions:
a. Let 7 = q1(X,Y).
b. Calculate probability function p,(z) =

Zajeé\f,yeﬂz:gl(x,y) pX,Y(x'a y)

c. Determine sample space Z .

d. Sum . cz2pz7(2)
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e. Equivalentto

> gl ypxy(z,y).
reX yey

3. Continuous case:
a. Calculate probability density function f(z)

i. Make a second new random variable W = ¢5(X,Y") sothat
J#0.
ii. Constructsamplespace Z,and, foreach z € Z, construct
the sample spacefor W' W, .
lii. Calculate inverse functions hy, ho to g1, ¢
iv. Joint probability density functionis f7 y (2, w) =
fx v (hi(z,w), ho(z,w))J ™
v. Marginal probability density functionis | f7 (2, w) dw =
| fxy(hi(z,w), ho(z,w))J ™ dw
b. Expectationis [ zf7(2)dz
i. Substitutein: [z 2 [y fzw(z,w)dwdz =
Jz Jw. 2fxy (h(z,w), ho(z,w))J ™ dw dz

ii. Change variables back
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c. Resultis

£(2)= [ [ o fxy(ey)dyd
i. Did not depend on our choice of g5 .
WMS: 5.6
4. Summability:
a. Suppose X and Y have a joint probability function
fxy(z,y).
b. Then E(X +Y)=E(X)+E(Y)

i. Because

E(X+Y)= //(:I: +y)fxy(xy)dedy
://:pr,y(:E,y) dmder//ny,Y(i,y) dx dy
://azf)gy(a?,y) dydaer//ny,Y(%y) dx dy

:/fo(x) dx+/yfy(y) dy

=E(X)+E(Y)
ii. Holds for discrete variables by substituting summation for

integral.
c. By extension this holds for any number of summands.

d. Ex.: a Bin(m, ) variable has expectation mm .
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e. Hence the expectation has the advantage of transforming easily.

5. Multiplicative property under independence:
a. If X and Y areindependent,
b. g and h arefunctions
c. Then E(g(X)h(Y))=E(g(X))E(h(Y)).

I Because

E (g // y)fxy(@,y)dedy
// z) fy(y) d dy
_ / o(2) fx (@) d / h(y) fy (y) dy

= E(g(X)) E(n(Y))

ii. Holds for discrete variables by substituting summation for

integral.
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