960:583— Methods of Inference— Spring, 2019

Exam 2
1
2
3
4
Total
1. Suppose that Xi,---, X, areindependent normal random variables with expectation

p and variance 1, with n = 10. Calculate the power for the level 0.05 test of the null

hypothesis © =0 vs. the alternative hypothesis p=1.

(30 pts) The standard test (which is the Neyman-Pearson test) rejects the null hypothesis
if X > 1.64/\/n. Poweris P4 [X >1.64/\/n] = Pa[X —1>164/y/n—1] =

Pa[vn(X —1) > 1.64 —1y/n] = &(1.64 — \/n) = 0.936 .
Total for this question: 30.

2. Consider random variables X7, ---, X, , independent and with mass function
A*(1 = X), for A € (0,1) . Place a prior distribution with density proportional to
AN =)t

a. Note that fj A™1(1 — A)~" d\ = oo . What term describes this quality of a prior?

(5 pts) Improper. Noninformative was also accepted. THE PRIOR IS ALSO CONJUGATE, BUT THE
PROPERTY I ASKED ABOUT DOESN’T HAVE ANYTHING TO DO WITH CONJUGACY.

b. Calculate the posterior density for A, conditional on Xy, --- X, .
(20 pts)

FO) =X 0= TN [ A= )T TN - ) ax
=1 0 i=1
=(1- A)“—uZ?_lXi—l//lu )AL XL gy
0

= (1= A" IAZL KB, zn:Xi).

i=1

c. Write down two equations giving endpoints of the highest posterior density region of
probability « . Do not try to solve them.

(15 pts) (1 — L)" L Xt = (1 — U)—LlUZia Nt gpd [V(1— M)Al Kol gy =
B(n,>" ;1 X;)(1 —a) . ANY INTERVAL SATISFYING THE SECOND EQUATION ABOVE IS CREDIBLE,

BUT YOU NEED THE FIRST AS WELL TO MAKE THE INTERVAL HPD. FOR AN ASYMETRIC
POSTERIOR, THE EQUAL-TAILED CREDIBLE REGION WILL GENERALLY NOT BE HPD.

d. Calculate the posterior mode of A, as an estimator of A\ .
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(15 pts) The log density is (n — 1)log(1 — X) + (>oin; X; — 1)log(A) . Differentiating gives

rX—1 o . . rX—1 _
—’fT_)l\ + Zl% . Substituting the mode and and setting to zero gives ?T_;\ = Zl% . Solving
. 3 n Xl—l . . . . _ n Xi—l
gives A = % . The second derivative of the log density is — (I"_Al)z - leiz <0,

implying that the critical value is a mazimizer.

Total for this question: 55.

3. Suppose that X has a Poisson distribution with mass function
px(x;0) = exp(—0)0"/z!,
for 6 >0 and x € {0,1,2,3,...} . Suppose Y has a Poisson distribution with mass

function
py (y; p) = exp(—p)p’ [y,
for p>0 and y €{0,1,2,3,...}. Suppose X and Y are independent.

a. Construct the (generalized) likelihood ratio test statistic A testing the null hypothesis

that # = p vs. the alternative hypothesis that 6 # p .
(35 pts) The likelihood is

L(6, p) = exp(=0)0™ / X! exp(—p)p" /Y.
Mazximizing the log over the union of the null and alternative, 6 satisfies
%(—9 + X log(0) —log(X!)) =0, 0r =14+ X/0 =0, or 0§ =X . Similarly, the maximizer for p
is p =Y . The likelihood under the null hypothesis is

L(v,v) = exp(—v)vX /X exp(—v)vY /Y,

with the mazimizer satisfying =2+ (X +Y)/0 =0, or 0 = (X +Y)/2. Hence the likelihood

ratio statistic is  exp(—X — Y)((X + Y)/2)X+Y (X + Y)/2)X+HY

A= =
exp(—X) XX exp(-Y)YY XXyY

b. Suppose a value of A of 1/4 is observed. Use an approximate test of level 0.05 to
determine whether the null hypothesis is rejected.

(15 pts) Use Wilks’ lemma to note that under the null hypothesis, —2In(A) x? . Hence reject if
—2In(A) > 3.84 . In our case, —2In(A) = 21n(4) = 2.773 . Do not reject the null hypothesis.
THIS TEST WAS DEMONSTRATED IN CLASS UNDER THE ASSUMPTION OF LARGE SAMPLE SIZE,
LEADING TO ASYMPTOTIC NORMALITY OF THE SCORE FUNCTION. WE DO NOT HAVE THIS HERE;
NOTE, HOWEVER, THAT THE SUM OF INDEPENDENT POISSON RANDOM VARIABLES IS POISSION,
WITH A RATE PARAMETER EQUAL TO THE SUM OF THE RATE PARAMETERS OF THE INDIVIDUAL
OBSERVATIONS, AND FURTHERMORE, THE SUM OF INDEPENDENT POISSON VARIABLES IS
SUFFICIENT FOR INFERENCE ON A COMMON RATE. HENCE THE RANDOM VARIABLES X AND Y
IN THE STATEMENT OF THE QUESTION CAN BE CONSIDERED AS THE SUM OF A LARGE NUMBER OF
POISSON SUMMANDS WITH A CORRESPONDINGLY SMALLER RATE. THEN THE LARGE SAMPLE
ASSUMPTION OF WILK’S LEMMA IS EQUIVALENT TO A LARGE RATE PARAMETER FOR THE
POISSON TOTALS. YOU MIGHT NOTE THIS, BUT IT WASN’T REQUIRED.
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c. Suppose a value of A of 1/4 is observed. Approximate the p -value.
(10 pts) The Po[A < 1/4] =P [-2In(A) > 2.773] = .1. The p -value is .1.

Total for this question: 60.

4. Consider random variables X, ---, X, , independent and with mass function
A*(1 = A) for = € {0,1,2,...} and X € [0,1]. Construct tests of level «. You do
NOT need to calculate a critical value.

a. Construct a most powerful test for testing the null hypothesis that A = 1/4 | vs. the
alternative that A = 3/4 | or tell why this is impossible.
(25 pts) The likelihood is L(A\) = [y AXi(1 —A) = (1 — /\)")\Z?:l Xi | The likelihood ratio
statistic is .
_ B/
(1/4)7(3/4)2i=1 %
Reject when A small. Equivalently, reject when Y ;- X; > ¢, for some critical value ¢ . IF YOU

DO NOT SIMPLIFY THIS TO A REJECTION REGION DEFINED IN TERMS OF X | THE NEXT TWO
PARTS OF THE QUESTION WILL BE HARDER TO THINK THROUGH.

= 3n_ ?:1 X'L

b. Construct a uniformly most powerful test for testing the null hypothesis that A = 1/4 ,

vs. the alternative that A > 1/4 | or tell why this is impossible.
(15 pts) In this case, the Neyman Pearson statistic is
(3/4)"(1/4) %=1

o (1= \)AZie X = (3/(4(1 — \)))"(4N)~ L= X,

Since 4\ > 1, reject when Y1 X; large. The critical value depends only on the null hypothesis,
and so the most powerful test does not depend on which member of the alternative hypothesis we
consider. THE POINT OF THIS QUESTION IS TO REVIEW THE MOST POWERFUL QUALITY OF TESTS
FOR A COMPOUND ALTERNATIVE WHEN THE FORM OF THE TESTS FOR EACH SEPARATE SIMGLE
ALTERNATIVE DOES NOT DEPEND ON THE ALTERNATIVE. USING A GENERALIZED LIKELIHOOD
RATIO TEST HERE TAKES YOU OFF ON THE WRONG TRACK, BECAUSE GENERALIZED LIKELIHOOD
RATIO TESTS GENERALLY HAVE NO POWER-MAXIMIZING PROPERTIES.

c. Construct a uniformly most powerful test for testing the null hypothesis that A = 1/4 ,
vs. the alternative that A # 1/4 | or tell why this is impossible.
(15 pts) Again
A = (3/(4(1 = N))"(4N) " 2 X,
In this case, for X\ < 1/4 , the most powerful test rejects for > 1 1 X; small. Hence no test can be
uniformly most powerful.



