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Xl, P an ~ NBin(@,m)

Number of trials it takes to get m successes, if each has

success probability 6

Likelihood for one observation L(6) = (m:})(gm(l_@)X—m
X—1

m—1

Log likelihood for one observation In((:> ~7)) + mIn(8) +
(X —m)In(1 —0)

Overall log likelihood Zyzl[m((if{__ll)) +mn(0) + (X; —
m)In(l — 6)] = =y In((35 7)) + nm In(9) + (7 X —
nm)In(1 — 0)

'(0) =nm/0 — (291 Xj —nm)/(1 —0)

MLE satisfies nmé — (27=1 Xj —nm)/(1 — ) =0,

nm —nmo — (Z}Ll Xj—nm)ﬁ =0, nm—z?zl Xi0=0,
0=m/X.

By invariance, 1 = X ., unbiased.

ii. Bivariate Normal

o X;~N(0,1), Y|X; ~ N(pX;,1—p?)

e Loglikelihoodis

l(p)= %

2
no | X7 (Y- X))

—1In(27) — In(1 — p?

o '(p)=
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. [_(2(1 — )Y = pXj)2(=X;) — (¥} — pX;)*4p)

j=1 41— p?)?
+p/(1 = p?)
_z [(1 — PAY; — pX))X; — (Y} = 2pX;Y; + p°X3)p)
Jj=1 (1— p2)2
+p/(1 = p?)
=n
(1 —p?)?

o Sip = Z}f‘:lX]z/n, Syy = 2?211/]2/71,
Say ==j=1 X;Yj/n.

e Gives cubicequationin p

e Hasfactor Syy — pif Syy = 1.

e SeeFig10.

iv. Weibull

o Xi,..., X} ~exp(—22/60)0 Loz, o known

o Xj ~&(0)

e MLE 0 =x'_; X§'/n

o E[X;|=T(1+1/a)l/

e m.o.m.e. satisfies X = ['(1 + 1/a)0'/® ifand only if
0= (X/T(1+1/a))
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Fig. 10: Log Likelithood for Normal Correlation
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c. Rulesfor function maximization:
i. Differentiate the log likelihood function.

ii. Equatetheseto 0.
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. Solve

iv. Ensurethatthe solutionis alocal maximum,

e possibly by checking to see that the second derivative < 0 at

the proposed maximum,

v. Ensuringthat our local maxis a global max, possibly by

checking
o thateither L (0) < 0V6

d. Properties of Maximum Likelihood estimates?
i. Arethey unbiased? No, but almost...
ii. Arethey sufficient? No, but almost...

iii. Arethey efficient? No, but almost...

11. See Table 3 for a summary.
WMS: 10.1-10.2

[Il. Hypothesis Testing:

A. What if instead of asking what values of 6 are reasonable, we ask
the question: Is the value 0 (or any other number of interest a

priori) reasonable?

B. Formal statement of problem:



54

Lecture 6
Table 3: Summary of Estimators

Estimator

Distribution Density m.o.m.e. m.|

Bin(m, 0) (7)0"(1—0)™
NBin(m, 0) (X_1)6%(1 — o)™
PO)  exp(—0)0*/x!

exp(—(2—p)?/2) L= X, 6

m/
X

> D
I

]

Z;?’:l(Xj—X)Q

|
_ i
3

N(p,0%) Pk

U(0, 6) { 1 ifz €[0,0] 0 =2X = max(X)
0 ow
1 Doesn’'t exist  Exists; no closed

C(o) T(1+(z—0)?)

form expression

W(ar, 0 ey g BN (x|

(a,0) exp <_7> <?) - n - (F(H_a))
X

1. Givendata X1, -, X}, fromamodel

le,---,Xn(mla "y, I, 9)7
2. wish to differentiate between two hypothesis

a. the null hypothesis ,that 6 takeson avalueinsomeset, vs.

b. alternative hypothesis that 6 isin some other set.

3. Eachof these hypotheses s called

a. simple if the set consists of one element

b. composite otherwise
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4. A test isarulethat decides on the basis of the data reject null or

don't reject null.

a. Arrangeresultsinto Table 4.

Table 4: Classification of Hypothesis Test Results
Test Rejects Test Doesn't Reject
Null False  Correct Typell Error
Null True TypelError Correct

b. Typelerrorrate called level or size .
C. What makes a good test? Among test of a fixed size,
1. Why is the alternative of randomly rejecting with the same
probability, without regard to data, a bad test?
2. Want the Type Il error rate small.
a. Want the power , or probability of correct decision under the
alternative, high.
D. General Construction
1. Createa test statistic
a. that gives more evidence against H(y the biggeritis,
2. Select a critical value to which test statistic is compared.

a. reject H if thestatisticis equal to or larger than critical value.
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Fig. 11: Error Types in Normal Testing
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3. SeeFig11 foradiagram.
E. Examples:
1. Normal Case:
a. X1, -, Xn ~N(u,o?)
b. Hy:p=po(=0), Hy:p=pq=1.
c. Picktypelerrorrate o

d. Use astest statistic X,
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I. find the critical value C' to make the test “Rejectif X > ¢”

havesize « .
ii. Equivalently, ask for the value of C' such thatunder H,
PIQ>C]=a.
o PO[X >C]=B(C — ) /(o))
o O(C—pp)/(o/y/n)) =a
o (C—w)/(o/v/n)) =z implies C' = py + 0za/\/n.

e Here you canchoose ' and get «, or choose o toget C'.
iii. Rejectionregionis {X > C'}.
2. Binomial Case:
a. Problem:
i. X ~ Bin(m, )
i. Hy:m=my(=.65), Hy:m> 7.
lii. typelerrorrate o
b. Use as test statistic observed defective count X |,
c. Forwhatvalueof C' does Py | X > (] =«a?
d. Rejection regionisthen {X > C'}.
i. Via approximation, need C suchthat P[Q > C] ~ «.
e Since (X — mn)/Jymn(1 —7) ~ N(0,1),
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PI(X —mn)/mr(l —7) > 20| = a,

e and P |> mm + zqymn(l — 7)| & «;

e hence mm + zo/mm(1 — 7)/m isthe approximate critical
value.
i. Ifex. m = 10, a = 0/025, rejection region is
{X >6.54++/.65 x .35 x 101.96 = 9.456 .
e Rejection regionis {X > 9.456} .
o Levelis Pg[X > 9.456] = Py [X = 10] = .65 = .0134:

Level too low
> Trylower C: Py[X >9.2] = Pp[X = 10] = .651V =
0134 : No effect
> Trylower C: Po[X > 8.8] = 10 % .65” % .35 + .65V =
0.0860 : Too high
> Take away: For discrete examples, set of available levels is
restricted.
> Null hypothesis that has o = 0.025 for C' = 9.5 is
" = o, or my = (0.025)1/10 = 691 .
WMS: 10.7

F. From Simple to Composite Hypotheses, when T is generally larger
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for larger values of 6.

1. Ourtest of a null hypothesis vs. a simple alternative generally
used the alternative only to indicate whether rejection region is of
theform {T"> C} or {T < C'}

a. and alsoused 6 onlytoset (', and not to determine the shape
of the region.

2. Hencesuchatestof Hy: 6 = 60yvs. Hy : 6 = 01 forsome
61 > 0 isalso adequatefor H, : 6 > 6.

a. Underthese circumstances, test is the same for all of the
alternatives.

b. Ex.,For X ~ Bin(w,m), Hy : m = .691, a = 0.025,
H, - ™ = w4 hasrejection region {X = 10}, forany
T > 691,

c. Sowe can use this test for the composite alternative m > .691 .

d. Called a one-sided test .

3. Furthermore, if we were to reduce 6, this would generally have

the effect of reducing the test level.

4. Hencethesametestcanbeusedfor Hy : 6 = 6 vs.

Hy:0>0,.
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WMS: 10,5

G. Sometimes alternatives are on both sides of the null, level «.
1. Inthis case, usually construct two one-sided tests in opposite
directions, levels oy, and ay7, suchthat oy + oy = .
a. Often, but notalways, a; = ay; .
b. Separate rejection regions {T' < C}} and {T' > C;}.
c. Resulting rejectionregionis {T' < C;} U{T > Cy}.
d. Such a procedureiscalled a two-sided test .
H. Solution using c.i.s
1. Null hypothesis 6 vs alternative that 6 = 61 > 6.
2. Construct test
a. Makea 1 — a c.i.
i. One-sided of form (L(data), co]
b. Reject Hy if 6 isoutside the c.i.; don't reject otherwise

c. Typelerror o.
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