Lecture 9
7. Continuous covariates may also be used

a. Aswith simpler regression models, one should consider the
proper scale for continuous covariates
b. Consider adding polynomial terms

c. Estimates could be seriously impacted by other variablesin

model
i. mild effect of collinearity
ii. Impact can be minimized by subtracting out mean.
St: 11.2
8. You can use another function instead of logit

a. Muststillmap R into |0, 1]
b. Logit hassome mathematical properties we will discuss later
c. Normal CDF is sometimes used

i. Called the probit

ii. Results from discretizing standard multiple regression.

e Suppose Y; =z ;B + o¢;, €; ~ N(0,1)

1 ifY. >c
_ J
* 7 {O otherwise
° P[ijl] :P[Yj>c] :P[€j>(C—CI}j,B)/O'} =

L - 0((c — 2;8)/0) = B((;B — ) /o)
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e Afterrescaling, probit and logit are very close. See Figure 6.
Se: 9 pp. 298-310
G. Regression Models for case—control studies

1. Wewanttomodel P | X; = x;|Y; = y;] =
P X =&Yy =y P [Yj=y;] =
PYj =yl X = 2j| P [ X = @] /P [V = yy]

2. All three probabilities might depend on 3

a. Thefirstis most direct P [Y] =y, Vil X; = a:jVj} =
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H eXp(‘”jﬂ?Jj)

; 1+ exp(x,;03)

b. If a certain risk factor makes elements in a population more likely

todie, P [X = wj} will be influenced by 3

I. Remove this dependence by conditioning
e on {X;},
e notonthe Y they are associated with.
ii. Forexample,in 2 x 2 table from case—control study, we
condition on number of exposed and number unexposed.
iii. Wesay { X} isancillary.
c. Marginal distribution of Y; will certainly be influence by 3

i. Greater effect for risk factors = more cases

i. P[Yj=yVi{X;}] ZH exp(w;By;)

1+ exp(w;B)

lii. sumisover all rearrangements w] of the x;
3. Then P [ X; = x;Vj|Y; = y;Vj, {X,}]| =
H eXp m]ﬁy] ZH eXp w]ﬁy]) _ Hj eXp(wj:Byj>
1 + exp(x 1 +exp(x;B8) > Hj exp(w;By;)

J

B&D1:7.0,7.2
4. |n astratified study
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a. Supposethereare K strata

b. P {Y';f —~ 1} = exp(x;0 + o) /(1 + exp(x 50 + o))

c. [LinP [ = Y7, k| X1 = x; } = [Lx exp([z;xB +
arly;r)/ (1 + exp(x1.0 + ay,))
d. Condition onthe number of cases and control in each strata, and

on the collection of covariate patterns {x ;. } :
H P Yk =iV, KXk} = {2}, ) Y =D ynVi
J J

= Z [ exo(l;68 + aglyir) /(1 + exp(x 8 + o))
gk
I. Summation is over rearrangements of covariates within strata.

e. P [X = x;Vj|Y; = y;Vj| =

exp( ]k}/@y]k exp( ]k:/By]k:) exp(2 ik TkBY;ik)
11 1+ exp(x;1.0) /Z H L+exp(®rpB) YTk exp(xjBy;)

I. «y.scanceled beca use of linearity in exponent of probability

Jk

ii. Probability only depends on data through ij T LYk
7.7
iii. Models with this structure are called canonical exponential
famalies.

B&D1:7.1,7.5
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f. Suppose we fit a logistic regn. model to the stratified tables
. Oy ~ Bin(mg;, O14)
ii. logit(my;) = oy + v with 41 =0
e Probability only depends on data through ij T LYk
o Bestfitwillmake > @jpy e = D1 Tk
lii. concordant pairs match y ;. exactly
e Bothexposed: a; = —»
e Bothunexposed: a; = —;
iv. discordant pairs:
o P |diseased|exposed| + P |diseased|unexposed| = Wik = 1V
stratum
> Hence exp(aj)/(1 + exp(&;)) + exp(Y2 + &;) /(1 +
exp(y2 + a;)) =1
> Hence exp(&j) + exp(2¢; +42) exp(Yo + &) + exp(a; +
Y2) = exp(&j)+exp(2a;+72) exp(F2+aj) +exp(a;+72)
> Hence &j = —79/2
e Sum of fitted values among exposed = number of exposed
cases: (n1g + no1) exp(y2/2)/(1 + exp(92/2)) = n1o
> Hence (n19 +no1) exp(92/2) = (1 + exp(32/2))n1g
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> Hence 49 = 2log(nig/ng1)

B&D1:7.6
g. Suppose we ignore stratification:

. Recall ¢ — ”2(} g)

)
i, Use iF = > 021>, 0112:]

> 01132 012']
ii. Estimate

o = il = mi)[Doimail Do =) 90 (1 — i)

Do =m) Do misl Dol = mop)I[D2; 94(1 7712)]
_ w[zi i1 — ;)] /[324(1 — ;)]
D i Uil — )]/ 1D2i(1 — )]
for J; = my/(1 — my4).-
h. Note
2 Vil —mo) D0 05(1 —myy)
> i(1 — o) i1 =)
1 — 1 —
B Zﬁ > (l—my) S i(l—myy)
i. Note 1 —7y; =9;/(¢»+9;) and 1 —m9; = 1/(1+ ;) , and
(1 —my3) /(L —mo) = (¢ + 0y) /(P(1 + 7))

I. Bigvalues are associated with big 1,

H. Summary:
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Number of Covar— Logist. Cond. Mantel -
Strata lates? Regr. Logist. Regr. Haentzel
Cohort:

Large no ® © v4

Small no ®© ® v

Large yes ® © ®
Small yes © ® ®

Case—Control:

Any no ® © v
Any yes ® © )
©® Good

v Test OK; estmator suboptimal except for paired data

® Inappropriate

® Slow

1. Mantel-Haentzel test and estimator reduces to McNemar's test
and estimator when strata are pairs.
Se: 3 pp. 83-86
V. Sample Size Calculations
A. Preliminaries

1. We'll do power for 1-sided tests
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a. Conceptually easier (as we shall see)

b. Get power for 2-sided tests by doubling «
B. Exactly:
1. Selectsmallest C' suchthat Py [T > (] < «
2. Poweris P4 [T > C].
C. Approximately,
1. Suppose
a. Hy:T ~ N(up,o?)
b. Hp:T ~N(uy,0%)
2. Critical value: C
a. Reject Hy if (T — pp)/og > za
b. 1 —®(2q) =«
c. Reject Hy it T' > g + 0pza
3. Poweris P4 [T > C| =®((ug — o — 002a)/04)
a. Special Case: 0g = g4, poweris D((pug — po)/o0 — 2a)
4. Samplesize:
a. Assumethat oy = 170//n, 04 =T4//1.
b. Require power 1 — (3
i. Typically, .8 = 80%.

80
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c. Then —zg = (g + 0020 — p1a)/0A.

L (0425 + 007) = Ha — i
i. (TAzg + T02a)/ VN = pa — o
iii. (TAz3 + T02a)/ (kA — o) =
v. (Tazg +70%0)°/ (14 — 1o)* = n
v. When 74 =79, n = 73(25 +20)° /(g — po)* =n
Se: 3 pp. 87-90
D. One-way analyses
1. External standards based on SMR
a. We could in principal perform calculations exactly

i. Thisistypically not considered necessary

b. Assume O ~ P(e)
i. Approximately, T' = /O ~ N ( /e, %)
ii. Recalle=>, R;P;A
c. Thepoweris =~ 1 — O(zq + 2(y/€ — 1/€9))
d. Samplesizesareinput and outputvia e
. Togetpower 1 — [ forlevel « test, need —z5 =

20 +2(y/€ — /€5) or 1(z5 + za)? /(1 — \5)? =€

e. Example:

8l
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VvI.

Vil.

In the first homework assignment, we saw that the maximal
rate of nasal cancer in the unexposed population was

4.25 x107° cases per year.

. Let \ beratefor nickel smelters.

iii. Test Hy: A =4.25x 107", vs. Hq: A > 4.25 x 107° with

a=2.5%.

. Calculate power for alternative A = 5 x 4.25 x 107°..

If we follow a cohort of 10000 exposed individuals for 5 years,

we expect 2.125 cases under H|

Then the power is

1 — ®(1.96 + 2 x (v2.125 — 1/2.125 x 5)) = 95%

To get 80% power, we need ¢ = %(22 + 2 25)° X
(1 — v/5)72 = 1.284, which if the null hypothesis rate is
true corresponds to roughly 1010 individuals for 5 years, if our

alternativeis true.

Se: 3p. 102

2. Dichotomous exposures

a. Without age stratification
b. Hy: SMR=1vs. H, : SMR=¢
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c. Inferenceisbasedon 01|04 ~ Bin(my, O4)

d T=0;/0+.
e. o= Q1/(Qo+Q1), 09 = \//Jo(%) — p1p)/ O+ .
f.ooua = sQ1/(Qo + Q1) = — L and

1+(§—1)7T1

o4 = /1Al —pa)/O4.
g. Noserious simplification to power and sample size formulae

h. Example:

i. Forshipping example, suppose that we want to test H(y: two

ship classes have same accident rate

ii. Want 80% power to detect difference if one class has 50% more

accidents

lii. Suppose that both kinds of ships have equal months at risk

2
Need O = (@SE;)ZZ.O%-@

v. Median rate was .002 accidents per month

= 194 accidents.

vi. Hence need to follow ships for 194/.002 = 95000 total

months.
I. Power is approximate

I. Better approximation for Poisson uses fact that when

O ~ P() then Var [\/O] ~ u x (bu=1/2)2 = 1.
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ii. Betterapproximation for binomial uses fact that

arcsin(/01/04) ~ N (arcsin(1/cQ1/(Qp + sQ1)), 1/(4O+>)|
o % arcsin(z) = 1/v1 — 22
. % arcsin(y/x) = 1/(2y/xy/1 — x) See Figures 7 and 8.

sin(x) 0 -

i, pg = arcsin(\/Q1/(Qo+ Q1)) pa =
arcsin(s/Q1/(Qo +<Q1)), 04 = 09 = 1/1/(40+)

iv. Power and sample size as before.
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/2 — 90°

1.2
- 600

arcsin(y/p) 0.8

— 30°
0.4 -
0 | | | |
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P
v. Shipping example:
- 2

(2.8 — 2.025) _ 104

2
: : 1.5
(arcsm (\/ .5) — arcsin (\ / m)) 4
j. Can also calculate minimal sample size to give a desired Cl

width.
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