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Mathematical models have been proposed and developed to model HIV dynamics over the past few decades,
achieving remarkable gains. However, it remains a challenging problem to accurately and efficiently estimate all
key parameters in these models from clinical data. In this article, we propose a state space approach to link these
models with clinical data and estimate the corresponding parameters. Specifically, we approximate the target
nonlinear differential equations by difference equations and add a stochastic perturbation in the dynamic of all
cells and virions. The proposed model and methodology provide an alternative tool in HIV dynamic modeling and
can be easily applied in other biomedical system characterized by dynamic systems. Simulation studies are
conducted to compare the performance of the proposed model with some previous approaches and show superior
performance. With moderate sample size, the approach is successful in estimating all HIV viral dynamic parameters
without many constraints on the parameters. To illustrate the proposed method, we apply it on the clinical data of
two individual HIV infected patients treated with antiretroviral therapies.
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1. INTRODUCTION

HIV infection dynamics have been developed and investigated by biomathematicians and biologists since the end of the 1980s
(Merrill, 1987; Anderson and May, 1992; Perelson, Kirschner and Boer, 1993; Perelson and Nelson, 1999). One major breakthrough in
the study of viral dynamics was to use simplified differential equation models to fit actual clinical data (Ho et al., 1995; Wei et al.,
1995; Perelson et al., 1997), which resulted in a revolution in our understanding of HIV pathogenesis. Such approaches made it
possible to determine many quantitative features of the interaction between HIV, the virus that causes AIDS and the immune cells
that are infected by the virus. Some other important findings on the behavior of HIV and its host cells were also obtained from recent
viral dynamic studies (Mittler, 1997; Perelson et al., 1997; Wu and Ding, 1999). Such approaches make it possible to evaluate the
design of a trial, to identify any flaws in the design and to optimize the design for future studies. The results can also be used to
conduct sensitivity analysis to ascertain the key factors that contribute most to the uncertainty in the results. The design may then be
modified, or pilot studies conducted to narrow the range of plausible inputs to the model.

The main target cell of HIV virus is CD4+T cells. To study the effect of a certain HIV drug, a sequence of measurements are usually
taken on viral loads and CD4+T cell counts after initialization of the therapy. Many different mathematical models have been
proposed to explore HIV dynamics with drug effect. In this article we consider the following dynamic model Perelson and Nelson
(1999) for patients under long term treatments:

dTU

dt
¼ k� qTU � cðtÞTUV;

dTI

dt
¼ cðtÞTUV � dTI;

dV

dt
¼ NdTI � cV;

ð1Þ

where TU, TI and V denote the concentration of uninfected target CD4+T cells, the concentration of infected cells and the virus load
respectively; k represents the rate at which new T-cells are created from sources within the body, such as the thymus; N is the
number of new virions produced from each of the infected cells during their life-time; c is the death (clearance) rate of free virions;
q is the death rate of uninfected T-cell; d is the death rate of infected cells. The antiviral drug efficacy was characterized by the time-
varying infection rate c(t). As argued by former researchers (Liang and Wu, 2008; Liang et al., 2010), model provides a flexible yet
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simple approach for studying the long-term viral dynamics. From this basic model, several extensions have been proposed (Perelson
and Nelsen, 1999; Nowak and May, 2000; Callaway and Perelson, 2002).

It is a non-trivial task to simultaneously estimate all parameters in this model, including the time-varying HIV viral dynamic
parameters for individual patients. Liang and Wu (2008) and Liang et al. (2010) approximated c(t) with a spline function and estimate
the model parameters by minimizing mean square error between the numerical solution of the system and actual clinical
observations. In this article, we use the same spline approximation to c(t) and convert the system into a state-space model. This
approach has the advantage of more model flexibility, noise incorporation and accurate statistical inferences.

A state-space model (SSM) describes the underlying process of the observed time-series data as being driven by some
unobservable latent state variables. It consists of an observation equation and a state transitional equation. A standard linear state-
space model with Gaussian noise is generally written as:

Xt ¼ Kt þ FtXt�1 þ Ut

Yt ¼ GtXt þWt

Ut

Wt

� �
� N

0

0

� �
;

Q 0

0 H

� �� �
;

ð2Þ

where Xt is the unobserved state vector, Yt is the observation vector, Kt, Ft and Gt are matrices known at time t, except a set of
parameters. Here the observation noise Wt and the state noise Ut are assumed to be normally distributed and independent.
Nonlinear and non-Gaussian state space models have been extensively studied (Harvey, 1989; West and Harrison, 1997; Durbin and
Koopman, 2001; Tsay, 2005), though they pose computational challenges.

In this article, we propose to convert model (1) into a corresponding varying-coefficient state-space model to simultaneously
estimate all the parameters and the time-varying drug effect. This conversion step is very important in our study, especially when
time-intervals are unequal as in most of clinical trials.

The advantages of our approach can be summarized in three major points: (i) our approach is computationally efficient since we
effectively adopt Kalman filter in the evaluation of loglikelihood and optimization. Sensible starting values are generally available
from previous study and biological knowledge, (ii) our model is very feasible and incorporates observational noises and random
dynamics fluctuations in the model: It allows proper statistical inference and model estimation and validation. In addition, missing
data can be easily handled and the model can be extended to more complex situations such as nonlinear non-gaussian SSM and (iii)
our approach provides more accurate estimation than existing methods, as shown in the simulation study.

The rest of the paper is organized as follows. In Section 2, we present the SSM formulation for HIV dynamic model (1), with
emphasis on the conversion from ordinary differential equation (ODE) to SSM and spline approximation to time-varying coefficients.
In Section 3, we introduce estimation procedure using Kalman filer and discuss some computation aspects. Simulation studies are
presented in Section 4 to illustrate the performance of the proposed approach. In Section 5, we apply the proposed method to
estimate the parameters and the time-varying drug effect for two clinical data sets from two AIDS patients. We conclude the paper
with discussions in Section 6.

2. MODEL REPRESENTATION

2.1. ODE to SSM

Model (1) can be represented by a system of first order ODEs of the form:

_Xþ P½X; t�X ¼ Q½X; t�; ð3Þ

where

X ¼
TU

TI

V

0
@

1
A;Q½X; t� ¼ Q ¼

k
0
0

0
@

1
A;P½X; t� ¼

qþ cðtÞV 0 0
�cðtÞV d 0

0 �Nd c

0
@

1
A: ð4Þ

Note that although Q[X,t] is independent of X, P[X, t] is function of X and t, hence the system is nonlinear. To obtain a
corresponding SSM for this ODE system, we first convert the ODE into an ordinary difference equation. Following Freed and Walker
(1991), a linear approximation yields:

X½t þ Dt� ¼ expð�P½Xt� ; t�DtÞX½t� þ fI� expð�P½Xt� ; t�DtÞgP�1½Xt� ; t�Qþ O
@

@t

Q

P½Xt� ; t�D
2
t

� �
: ð5Þ

where t
�

can either be t + Dt or t, which corresponds to implicit and explicit approximation respectively. In the following, we use
explicit approximation. This approximation is exact when the coefficient matrices P and Q are constant, i.e. the ODE is linear.
Approximation error in our case will be discussed in section 2.3.

Random perturbations in the state process lead to adding a noise term in the difference equation:

X½t þ Dt� ¼ expð�P½Xt; t�DtÞX½t� þ fI� expð�P½Xt; t�DtÞgP�1½Xt; t�Qþ RðX; tÞvt: ð6Þ
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where vt is a Gaussian noise with variance Dt and the whole random perturbation term has a variance of DtRðX; tÞRðX; tÞ0 that
depends on current state, time and the length of time-interval. Here we assume R(X,t) ¼ R. The above representation corresponds to
a stochastic differential equation (SDE) of the state process, i.e.,

_Xt ¼ �P½X; t�Xt þ Q½X; t� þ R dBt; ð7Þ

where Bt is a standard Brownian process.
Denote Yt ¼ ðY1;t; Y2;tÞ the observed count data for total CD4+T and viral load of the patient at time t, then we have

Y1t ¼ Tu;t þ Ti;t þ w1;t;

Y2t ¼ Vt þ w2;t

ð8Þ

where w1,t and w2,t are measurement errors.
Exponential decrease in viral load invalidates the possible assumption of constant variance in viral measurement error. In Liang

et al. (2010) and Liu et al. (2011), log-transformation was used to stabilize the variance. In our case, one possible way is to assume the
nonlinear model logðY2;tÞ ¼ logðVtÞ þ w2;t;w2;t � Nð0; r2Þ for the measurement equation of Vt. However, we found that when the
variance is relatively small compared to the mean in a log-normal distribution, as in this case, a normal distribution with the variance
proportional to the square of the mean is a reasonable choice. Hence we assume w1;t � Nð0; r2

1Þ and w2;t � Nð0; r2
2V2

t Þ. It is
equivalent to assuming that the signal noise ratio of Vt is constant over the measurements.

Putting all the terms in the form of model (2), we have an SSM for the HIV dynamic after drug initialization as:

Xt ¼ Kþ FtXt�1 þ Ut;

Yt ¼ GXt þWt;
Ut

Wt

� �
� N

0

0

� �
;

H1 0

0 H2

� �� �
;

where

Xt ¼
TU;t

TI;t

Vt

0
B@

1
CA;G ¼

1 1 0

0 0 1

� �
;

Ft ¼ expð�P½Xt; t�DtÞ
K ¼ fI� expðP½Xt; t�DtÞgP�1½Xt; t�Q;

H1 ¼ Dt

g2
1 0 0

0 g2
2 0

0 0 g2
3

0
B@

1
CA;H2 ¼

r2
1 0

0 r2
2V2

t

 !
;

ð9Þ

and Dt is the time-interval between observed time t and t � 1, H1 and H2 are assumed to be diagonal, i.e., all random perturbations
are uncorrelated and P[Xt, t] and Q are defined in (4).

Parlett (1976) demonstrated that the exponential of a triangular matrix can be explicitly written out with a recurrence formula on
the matrix elements. Hence Ft has an explicit lower-triangle form. Specifically, its elements are

Ft;ð1;1Þ ¼ expð�qDt � cðtÞVt�1DtÞ; Ft;ð2;2Þ ¼ expð�dDtÞ; Ft;ð3;3Þ ¼ expð�cDtÞ;

Ft;ð2;1Þ ¼ cðtÞVt�1

Ft;ð1;1Þ � Ft;ð2;2Þ
�q� cðtÞVt�1 þ d

; Ft;ð3;1Þ ¼ NdcðtÞVt�1Dt

Ft;ð2;1Þ � Ft;ð3;2Þ
�q� cðtÞVt�1 þ c

;

Ft;ð3;2Þ ¼ Nd
Ft;ð2;2Þ � Ft;ð3;3Þ
�dþ c

:

Notice that when Dt is very small, F(t) can be further approximated using Taylor expansion as:

Kt ¼ ðkDt; 0; 0ÞT ; Ft ¼
1� qDt � cðtÞVt�1Dt 0 0

cðtÞVt�1Dt 1� dDt 0
0 NdDt 1� cDt

0
@

1
A: ð10Þ

Such a representation corresponds to Euler method of solving an ODE.
There are several complexities. One is the nonlinearity of the ODE, since P[X, t] depends on X. Because of this, Ft in (9) and (10)

depends on the unobserved state Vt�1, making the SSM nonlinear. Instead of using more complicated methods to deal with such a
nonlinear SSM, we choose to use another layer of approximation. Specifically, we can replace Vt�1 in Ft with a non-parametric
function estimate based on entire observed sequence of Y2,t. A second choice is to use the conditional mean of Vt�1 given all the
information up to time t � 1. More detail of this implementation when Dt is large is given in real data analysis section. Another
difficulty is that P[X,t] also depends on the drug effect function c(t). Following Liang et al. (2010), we model c(t) with a B-spline
approximation (de Boor, 2001). Specifically we assume cðtÞ �

Ps
j¼1 ajbj;kðtÞ, where fbj;kgs

j¼1 are B-spline basis function of kth order
piecewise polynomial with s � k interior knots and a ¼ ða1; . . . ; asÞ are constant B-spline coefficients.

Note that we did not start directly from a state space model. Our approach preserves the link between the mathematical model
and the SSM, hence the interpretations of original parameters are preserved and all the methods developed based on the ODE could
be employed to provide insights about the system in the new modeling framework. Also, when the observation times are not
equally spaced, some prespecified form of state space model is no longer applicable, but this case can be easily dealt by our
method.
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2.2. SSM vs. Runge–Kutta

Runge–Kutta methods are a family of explicit and implicit methods for solving ODE in numerical analysis. Essentially, most of them
can be seen as special cases of using equation (5). Liang et al. (2010) studied HIV dynamics using Runge–Kutta to solve an ordinary
differential system, with parameters optimized by minimizing the squared error between observed data and the numerical solutions.
A simple experiment in the simulation part shows that when the time-interval is reasonably small, our solution using model (9) and
that by Runge–Kutta are close to each other. This validates our state space model representation of the original ODE system. Based
on this fact, we can use simpler but crude methods for solving the ODE to obtain the starting values for optimization in our
approach.

2.3. Approximation error

Equation (5) gives a rough magnitude of the approximation error. Specifically, if we denote f(t) ¼ c(t)V(t) (the only time-dependent
part in the transition matrix), the magnitude of the error term could be further expanded as follows:

@

@t

Q

P½Xt; t�D
2
t ¼

@

@t

qþ f ðtÞ 0 0

�f ðtÞ d 0

0 �Nd c

0
B@

1
CA
�1 k

0

0

0
B@

1
CA

8><
>:

9>=
>;D2

t

¼ @

@t
k

1
qþf ðtÞ
f ðtÞ

qþf ðtÞ
1
d

f ðtÞ
qþf ðtÞ

N
c

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;

D2
t ¼ D2

t kf 0ðtÞ

� 1
ðqþf ðtÞÞ2

q
ðqþf ðtÞÞ2

1
d

q
ðqþf ðtÞÞ2

N
c

0
BBB@

1
CCCA:

ð11Þ

Vt is observed in real data to have large but quickly decreasing values in the early phase and then stay around some stable small
value in the latter phase. As c(t) has roughly the same magnitude in the process, it yields that when f

0
(t) is large, f(t) also has large

values (early phase) and that when f(t) is small, f
0
(t) is also small (latter phase). Therefore for the whole process, the error term (11) is

expected to have a small magnitude.

3. MODEL ESTIMATION

Model (9) is a time-varying coefficients state-space model, with the structure of Ft known at each observed time-point. Let
H ¼ ðk; q;N; d; c; fgig3

i¼1; frig2
i¼1; aÞ be the parameters we need to estimate, where a are the B-Spline coefficients. For a given

parameter configuration, we use Kalman filter to compute the optimal observation predictions and the corresponding prediction
errors, then the likelihood function of the model is calculated by the prediction-error decomposition. All parameters are estimated by
maximizing the likelihood function.

Kalman filter (Kalman, 1960) is a recursive algorithm for filtering and estimation of linear and Gaussian state space models. Here we
give a brief review of this algorithm. Details can be found in Harvey (1989) and Durbin and Koopman (2000). Since the distribution of
Xt jY1; . . . ;Yt is Gaussian, one only needs to obtain its mean and covariance matrix. Denote ltjt ¼ EðXt j Y1; . . . ; YtÞ and
Rtjt ¼ CovðXt j Y1; . . . ; YtÞ, the Kalman recursion for model (2) proceeds by updating lt|t and Rt|t as follows:

Pt ¼ FtRtjtFT
t þWt; St ¼ GPtGT þ Vt;

ltþ1jt ¼ Kþ Ftltjt; etþ1 ¼ Ytþ1 � ltþ1jt;

ltþ1jtþ1 ¼ ltþ1jt þ PtGTS�1
t etþ1; Rtþ1jtþ1 ¼ Pt � PtGT S�1

t GPt;

ð12Þ

where et and St are the prediction error and prediction error variance respectively. When the initial state vector has density Nðl1;R1Þ,
the likelihood by prediction error decomposition is written as

LðY jHÞ ¼
Xn

t¼1

log pðYt jY1; . . . ;Yt�1Þ ¼ �
np

2
log 2p� 1

2

Xn

t¼1

ðlog j St j þ eT
t S�1

t etÞ: ð13Þ

When little information is known about the initial state vector, diffuse initialization (R1 ! 1) could be used and a modified
version of the above likelihood could be applied (Durbin and Koopman, 2001).

We maximize the likelihood by the Broyden–Fletcher–Goldfarb–Shannon method (Broyden, 1970) which is a generalized Newton’s
method with the Hessian matrix approximated by the function value. Several computational aspects need to be addressed here. First,
model (9) involves N, d and Nd. It is often more computationally stable to use Nd as a parameter, which has the biological
interpretation as the average rate of viral production. Second, sensible starting values are important for locating the true MLE. Some
parameters have biological meanings and can often be set to certain reasonable starting values using biological knowledge. There is
less knowledge about the spline coefficients. We use a two stage procedure. First, we estimate model (9) assuming constant c(t). The
results are used as the starting values for a more complex structure of c(t) in a refined estimation step. This produces more stable and
accurate results in our simulation. Third, when the magnitude of a parameter is expected to be smaller than that of other parameters,
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it should be scaled in the optimization function for finding the MLE and estimating the hessian matrix around MLE, as is suggested by
Nash (2010).

4. SIMULATION STUDIES

To evaluate the performance of the proposed methods, we carried out a simulation study with multiple sets of signal to noise ratio.
Parameter set-up in model (9) is as follows: the initial values ðTU0; TI0; V0Þ ¼ ð600; 30; 105Þ, the true parameters
ðk0; q0;N0; d0; c0Þ ¼ ð36; 0:108; 103; 0:5; 3Þ and c(t) ¼ 9Æ10�5f1 � 0.9 cos (pt/1000)g. First we study the difference between the
solution of the difference equation (5) and that of the ODE (3). On the time-domain [0,20], four time-intervals settings:
h ¼ 0.1,0.2,0.4,0.667 are used to obtain the solution paths. They are further compared to the solution given by Runge–Kutta
Methods. The difference is measured by absolute relative difference (ARD), defined as 1=T

PT
t¼1 jYt;ssm � Yt;rkj=Yt;rk , where Yt could

be TU;t þ TI;t or Vt, the count number path generated by the corresponding method. The comparison is given in Table 1. It is seen
that the two methods give similar solutions to the same ODE when the time-interval is reasonably small, hence the approximation, as
well as the conversion from ODE to SSM, is reasonably accurate.

The performance of the proposed method is compared to SNLS method in Liang et al. (2010). The data are simulated with very
small state noise ðg1 ¼ g2 ¼ g3 ¼ 10�2Þ. We vary the level of (constant) measurement error variances (r2

1 and r2
2). The sequences of

the underlying states ðTU;t; TI;t; VtÞ are obtained and the observed data are simulated by further adding the measurement white
noises. This set-up is the same as the deterministic simulation setting in Liang et al. (2010) for the purpose of a numerical
comparison. Two sampling schedules were used: (i) at every 0.1 time-units on the interval [0,20] and (ii) at every 0.2 time-units on the
interval [0,20] which correspond to sample size of 200 and 100 respectively. To obtain the parameters estimates, Liang et al. (2010)
proposed a multi-stage smoothing-based (MSSB) approach to search starting values. Based on initial values obtained from MSSB, our
final parameters are estimated by optimizing on the loglikelihood function (13). Such procedures are repeated on 200 simulated data
sets. The drug effect function c(t) is approximated by a spline of order two with three knots (a straight line, i.e. cðtÞ ¼

P2
j¼1 ajbj;2).

The estimation performance is evaluated by the average relative estimation error (ARE), defined as:

ARE ¼ 1

N

XN

i¼1

jh� ĥij
h
� 100%;

where when h stands for one of k, q, N, d, c, it is the true value and ĥ is the corresponding estimate; when h stands for spline
coefficient faj,j ¼ 1,2g, h corresponds to the optimal spline coefficient with respect to the true function c(t).

Table 2 reports the simulation results, from which we observe that (i) ARE of the parameter estimates by our approach are smaller
than the simulation results of the SNLS method, given in Table 1 of Liang et al. (2010) and greatly improve the rough estimates
obtained from MSSB methods, (ii) ARE of the spline coefficient estimates relative to the optimal spline coefficients are very small,
showing relatively accurate estimation of the function c(t) and (iii) as expected, higher signal noise ratio and larger sample size yield
more accurate estimates.

5. REAL DATA ANALYSIS

In this section, the proposed SSM model (9) is applied on clinical HIV data of two patients. Each data set comprises the virus
concentration measurements, CD4+T cell measurements and the time-points at which the measurements are collected. As is known,

Table 1. ARD for TU þ TI and V approximated by model (9) and Runge–Kutta

h 0.1 0.2 0.4 0.667

TU þ TI 0.005 0.005 0.009 0.012
V 0.002 0.004 0.008 0.013

Table 2. ARE of parameters estimated by state space model approach under different settings

ARE(%):MSSB ARE(%):SSM

N r2
1 r2

2 k q N d c k q N d c a1 a2

200 40 200 90.09 19.13 46.89 84.88 13.10 1.04 3.36 1.29 0.55 0.93 0.77 0.52
30 150 89.96 15.23 51.87 85.01 14.98 0.94 3.19 0.97 0.46 0.72 0.76 0.52
20 100 89.96 13.40 47.98 84.45 13.10 0.88 2.93 0.85 0.42 0.64 0.76 0.50

100 40 200 80.80 29.94 41.42 67.38 17.74 1.12 3.77 1.21 0.56 0.85 0.74 0.95
30 150 80.55 25.27 42.30 68.80 16.92 1.01 3.31 1.19 0.50 0.83 0.74 0.83
20 100 80.20 21.78 44.53 69.92 17.01 0.94 3.13 0.97 0.49 0.69 0.71 0.69
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CD4 cells protect the body from infection and are one of the most important defence mechanisms of the body. HIV virus attacks CD4
cells to disable them, and uses CD4 cells to make more copies of HIV virus. Hence CD4 cell count is one of most important biomarkers
in assessment of antiretroviral. If a HIV patient’s CD4 cell count drops below 200, the patient is classified as having AIDS. In our data,
virus load is scheduled to have 13 measurements and 14 measurements for the first 2 weeks and then one measurement at weeks
4,8, 12, 14, 20, 24, 28, 32, 36, 40, 44, 48, 52, 56, 64, 74 and 76. Total CD4+T cell count, including uninfected target cells TU and
productively infected cell TI, are measured at weeks 2, 4 and monthly thereafter (weeks 8,12, . . . ,76). Note that not all of the
measurements of virus load and CD4 cell counts were taken at the same time. Figure 1 shows the data. The data has been analyzed
by Liang and Wu (2008) and Liang et al. (2010).

5.1. Model specification and estimation

Due to the nonlinear nature of the state space model under consideration, we insert intermediate time-steps between the time of
observations. At these intermediate time-points, we process (filter) the states, but the observations are treated as missing. Because of
the asynchronous nature of our observed data, at some points, one of the V (HIV virus) or TU þ TI (CD4+T) is observed but the other
is missing. The intermediate time-steps are used to minimize the discretizing approximation error of the differential equations, a
method commonly used in numerical methods as well. Filtering through these intermediate time-steps updates the state mean and
adjust the covariance matrix using the state equation only. Such a procedure reduces the approximation error, and does not
artificially reduce the variability in the estimate. However, it does increase the computational costs.

On the other hand, the transition matrix Ft depends on unknown state Vt�1. For simplification and ease of computation, we replace
it with an estimate. As mentioned earlier, there are two possible choices. One is to use a smoothing estimate of Vt as a function of t,
based on the observed Y2,t. The second is to use the filtered mean estimate of E½Vt�1 jY1; . . . ;Yt�1�, obtained through Kalman filter
recursion. Since the observed viral load sequence Y2,t is a direct observation of Vt with measurement noise, our experience shows that
the smoothing estimator is better, especially when Dt is large. Of course, if the prediction is the objective, one has to use the
predicted mean. In this study, since the main objective is estimating all parameters instead of prediction, lowess curve is used as to
estimate the path of viral load so that Ft depends only on H. The smoothing parameter in lowess curve fit is chosen such that the
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Figure 1. The observed values (circle), fitted states (solid line) and the associated pointwise confidence intervals for one-step
predictions (dotted line) of the CD4 cells (left two columns) and viral load (the 3rd column) for patients 1 (upper panel) and 2 (lower
panel)
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fitted values at observed times are very close to the observed values. Such a substitution will certainly create approximation bias and
also reduces the overall variability in the estimates and caution should be exercised. A nonlinear filtering algorithm such as the
Sequential Monte Carlo methods (Liu and Chen, 1998; Doucet et al., 2001) may be used to overcome such difficulties.

We initialize the system as follows. Let ðTU;0; TI;0; V0Þ � Nðl0;R0Þ, where l0 ¼ ðaY1;1; ð1 � aÞY1;1; Y1;2Þ, ðY1;1; Y1;2Þ is the first
observed CD4+T cell counts and viral load. R0 is set to be ð104; 108Þ. The initial distribution introduced a, the initial ratio between TU,1

and TU;1 þ TI;1. We treat it as a parameter to be estimated. Our experience shows that the likelihood function can be quite flat at
places and the MLE may fit the data well but lacks of the biological meanings. In this case, we fix d and c at the estimated value from
Perelson’s model (Perelson et al., 1996) based on the viral load data within the 1 week and estimate the rest of the parameters. The
resulting likelihood is very close to the one without the constraint. However, the estimated parameters with the constraint make
more biological sense.

The dynamic of the drug effect c(t) is expected to have more dynamic in the beginning, hence the interior knots are increased to
be equally-spaced on the scale of logarithm time-scale. To avoid local oscillations, only splines with orders three and four, with
interior knots number up to four, are considered. Here the sample size is small relative to the maximum order of the models in the
candidate class, BIC (Schwarz, 1978) and AICc (Hurvich and Tsai, 1989) are used to choose the best model.

5.2. Results and discussions

The BIC and AICc values for two patients with c(t) approximated by different orders and knot numbers are shown in Table 3. Among
all the models considered, c(t) approximated by a spline of order three and knots in the boundary (no interior knots) is shown to be
the best one, in terms of both BIC and AICc. Hence c(t) is estimated with a cubic polynomial.

Under this optimal model, the estimated values and the associated 95% confidence intervals of the parameters in model (9) are
shown in Table 4. Apart from N, all other parameters have similar estimated values to those obtained by using method SNLS (Liang
et al., 2010). The estimated variances of the noise in the state equation (9) are very small, which essentially make our state equation in
the model a deterministic one. The proliferation rates of uninfected CD4+T cells are estimated as 415 and 40 cells per day for patient
1 and 2 respectively; the death rates are .51 and .08 per day, which means the half-life of 1.35 and 8.66 days for these 2 patients; the
numbers of virions produced by each of the infected cells are 90 and 770 per cell for patient 1 and 2 respectively. Such a rapid
proliferation rate for patient 1 may partially explain why the CD4 curve of this patient exceeds that of patient 2. This finding also
suggests that the antiretroviral activity in patient 1 is superior to that in patient 2 in terms of building patients’ immune system.

Model fitting on the observed data is shown in Figure 1. Fitting for the viral load is shown in log-scale and the standard error
used in constructing the CI is estimated by the delta method. The filtered states give a good fit to the data and one-step
prediction CI covers almost all the next observed data. It can be seen that all three filtered states have big changes in the
beginning and stay in a steady state after about 3 months. The curve of uninfected CD4 cell counts for patient 1 takes a rapid
upward direction initially and maintains a steady increase around 800 copies per cubic millimeter (mm3) of blood. In contrast, the
curve of uninfected CD4 cell counts for patient 2 takes a dramatically down-up pattern and then maintains a flat trend around 500
copies. Nevertheless the curves of TI for both patients decrease dramatically in the early phase of treatment and becomes close to
0 in the steady state.

Compared to the drug effect directly after drug initialization, long term drug effect in Figure 2 shows a decreased drug effect in the
latter phase of treatment. The trend of drug effect agrees with former study. It should be noted that since we essentially model the
dynamic process after the first measurement is taken, drug effect before that is not shown and starts from a non-zero value.

Table 3. The BIC and AICc values with c(t) approximated by B-spline with different orders and knot numbers

Patient 1 Patient 2

Order 3 Order 4 Order 3 Order 4

Interior knots BIC AICc BIC AICc BIC AICc BIC AICc

0 615.6 610.9 619.0 616.3 829.1 810.0 832.9 813.4
1 617.1 614.3 620.4 620.1 831.9 812.4 835.3 815.6
2 619.9 619.6 624.1 626.8 836.2 816.5 840.7 820.9
3 624.1 626.9 628.0 634.5 838.7 819.0 842.2 822.7
4 627.2 633.7 630.1 641.2 843.1 823.6 847.7 828.6

Table 4. Estimated values and 95% confidence interval (smaller font) of the parameters k,q,N using the proposed method SSM and SNLS for 2
patients. The estimated values of d and c were obtained from Perelson et al.(1996) and fixed at (1.09, 2.46) and (0.43, 3.78) for patients 1 and 2
respectively

Patient 1 Patient 2

Parameter SNLS SSM SNLS SSM

k 397.09(216.43,594.30) 414.57(219.87,609.26) 45.45(29.78,81.48) 40.37(17.40,63.33)

q 0.49(0.26,0.75) 0.51(0.26,0.76) 0.10(0.06,0.18) 0.08(0.03,0.13)

N 264.74(203.40,350.00) 90.31(75.43,105.19) 1114.37(856.62,1428.93) 770.84(602.03,939.65)
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6. CONCLUSION AND DISCUSSION

In this article, we have proposed a state space model approach for modeling the dynamics of HIV after initialization of drug therapy.
This approach involves a transformation from some acknowledged HIV dynamic models ODE and a specification of the noise term in
the stochastic process of the states to form a state space model, which is further estimated utilizing available algorithm and methods.
Such approach generalizes the deterministic ODE to a stochastic representation so that estimation and prediction could be done
under the framework of the state space model. Instead of starting from a prespecified state space model, the proposed SSM is
derived from the ODE and all biologically meaningful parameters are reserved and estimated.

Besides the direct link with original ODE model, our approach has several other advantages. As the dynamic is modeled using SSM,
many benefits of SSM modeling are attained. For example, Kalman filter recursion leads to easy estimation as well as prediction.
Missing values can also be easily dealt with. In both simulation and real data application, only routine optimization scheme are
needed to obtain accurate results. Forming the dynamic process in a SDE form also provides more flexibility in developing more
sophisticated models. One potential extension might be letting the noise variance R in the SDE of state process take some explicit
form or depend on the state, which could help model the usually noisy data of CD4+T cell counts, as believed by AIDS investigators.
Another interesting extension might be a mixed effect model, which was once explored in Liu et al. (2011), but how the state space
model could be set up from the ODE was not discussed.

The proposed method involves various approximations to form and calibrate the state space model from the ODE system. There
are essentially two types of approximation error involved: discretization error when changing the ODE to the state space form and
calibration error when forming the transition matrix F(Xt, t) with some ‘‘plug-in’’ estimates of Vt. Discretization error is controlled by
the step size, typically in the order of the square root of the step size for Euler–Maruyama type of approximations. This is the reason
that we inserted intermediate time-steps between observation time-points to reduce the discretization error, at the expense of
heavier computation. Table 1 in the simulation study shows small discretization error in the transformation from ODE to SSM. Table 2
further validates that parameters estimation error induced by such discretization error can be effectively controlled even when
FðXt; tÞ ¼ FðVt�1; tÞ is approximated by F(Y2,t�1, t) in the filtering, though in the simulation the noise variance in Y2,t is relatively small
comparing to the scale of Vt. Therefore, the main estimate error would come from plugging in some estimates of Vt�1 to form F(Xt,t)
and treating it as true. When E(Vt�1) is used, the procedure is essentially a variant of the Extended Kalman Filter (Harvey, 1989). The
error accumulation problem is usually not severe as the system is constantly corrected by the observations. The Kalman gain tends to
reduce approximation biases, though the variability of the estimate can be artificially reduced. The problem can be a severe problem
if the nonlinearity is severe and the state variance is large. Fortunately in our problem we do observe a noisy version of the Vt (though
not at all points). Empirically we found that replacing Vt with a smoothing estimator of Y2t is satisfactory.

By applying the presented approach on both viral load and CD4+T cell data of 2 patients, we are able to estimate all HIV viral
dynamic parameters simultaneously, as well as the long-term drug effect. The estimated set of parameters, depending on the
individual patient, is able to provide very good fit to the observed data. Due to the small sample size and the high dimensional
parameter space, there may exist over-fitting problem in the fitted model. Fixing d and c at estimations from simpler model helps
alleviate it, but more data points are desired to avoid this problem as well as to estimate d and c at the same time.
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