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Treatment Effect in Observational Study

Response

Treatment

Effect?

Genetic Variants Health Records

Control for Control for

I Observational study: unmeasured confounders
I Solution: conditioning on a large set of covariates
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A Convenient Solution

High-dimensional sparse linear model

Yi = Diβ +

p∑
j=1

Xijτj + εi , for 1 ≤ i ≤ n.

I Number of covariates p � sample size n.
I A few {τj}1≤j≤p are non-zero.
I Inference for β

Zhang & Zhang ’14; Javanmard & Montanari ’14; van de Geer, Bühlmann, Ritov

& Dezeure ’14; Chernozhukov, Hansen & Spindler ’15.
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Non-linear Effects!
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Example: Motif 16

The effect of the motifs’ matching scores on the gene
expression level.
I Motifs: the DNA sequences bound to transcription factors,

which control the transcription activities.
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Example: Motif 53
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High-dimensional Additive Model

For 1 ≤ i ≤ n,

Yi = f (Di) + g(Xi) + εi with g(Xi) =

p∑
j=1

gj(Xi,j),

I Yi ∈ R: outcome variable
I Di ∈ R: variable of interest
I Xi ∈ Rp: high-dimensional baseline covariates
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Definition of the Treatment Effect

For a pre-specified a0 ∈ R and a small τ > 0,

lim
τ→0

E(Yi | Di = a0 + τ,Xi)− E(Yi | Di = a0,Xi)

τ
= f ′(a0)

Research Problem
Inference for f ′(a0) in the high-dim sparse additive model
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Review: Local Linear Estimator (Fan 1993)

Yi = f (Di) + εi , for 1 ≤ i ≤ n.
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Local Regression

Figure: Local linear estimator from Elements of Statistical Learning

(
β̂0, β̂1

)
= arg min

(β0,β1)

n∑
i=1

(Yi − β0 − β1(Di − a0))2 K
(

a0 − Di

h

)
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Review: Weighted Average

For a pre-specified bandwidth h > 0, define the kernel

Kh(d) =
1

2h
· 1 (|Di − a0| ≤ h) .

The local linear estimator is expressed as

β̂1 =

∑n
i=1 W 0

i YiKh(Di)∑n
i=1 W 0

i (Di − a0)Kh(Di)
,

where

W 0
i = (Di − a0)−

∑n
j=1(Dj − a0)Kh(Dj)∑n

j=1 Kh(Dj)
.
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A Plug-in Estimator?

Outcome proxy

Ŷi = Yi − ĝ(Xi) = f (Di) +
[
g(Xi)− ĝ(Xi)

]
+ εi .

A natural plug-in estimator,

f̃ ′(a0) =

∑n
i=1 W 0

i ŶiKh(Di)∑n
i=1 W 0

i (Di − a0)Kh(Di)
.

I The local linear estimator applied to the data {Di , Ŷi}1≤i≤n

I A large bias and not ready for statistical inference
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Generic Estimator

Our proposed estimator is of the form,

f̂ ′(a0) =
1
n
∑n

i=1 Wi ŶiKh(Di)
1
n
∑n

i=1 Wi(Di − a0)Kh(Di)
.

f̂ ′(a0)− f ′(a0) = ErrL + ErrH

where

ErrL =
1
n
∑n

i=1 Wi [f (a0) + r(Di) + εi ]Kh(Di)
1
n
∑n

i=1 Wi(Di − a0)Kh(Di)

ErrH =
1
n
∑n

i=1 Wi [ĝ(Xi)− g(Xi)]Kh(Di)
1
n
∑n

i=1 Wi(Di − a0)Kh(Di)
.
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Population decorrelation weight

Goal: construct the weights {Wi}1≤i≤n such that
I ErrL is similar to that in the univariate case.
I ErrH is significantly reduced!

Define the population decorrelation weights

Wi = (Di − a0)− l(Xi) with l(Xi) :=
E ([Di − a0]Kh(Di)|Xi)

E (Kh(Di)|Xi)
.

Decorrelation property

E [WiKh(Di) | Xi ] = 0

E
[
Wi(ĝ(Xi)− g(Xi))Kh(Di) | Xi

]
= 0
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Take home message

f̂ ′(a0) =
1
n
∑n

i=1 Wi ŶiKh(Di)
1
n
∑n

i=1 Wi(Di − a0)Kh(Di)
,

with

Wi = (Di − a0)− l(Xi) with l(Xi) :=
E ([Di − a0]Kh(Di)|Xi)

E (Kh(Di)|Xi)
.

I nearly unbiased
I similar to the oracle estimator∑n

i=1 W 0
i Y ora

i Kh(Di)∑n
i=1 W 0

i (Di − a0)Kh(Di)
with Y ora

i = Yi−g(Xi) = f (Di)+εi .
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Treatment model

Di = X ᵀ
i γ + δi , for 1 ≤ i ≤ n.

I γ is a sparse vector and δi is independent of Xi

I Let φ(δ) denote the density function of δi .

Wi = (Di − a0)− l(Xi)

with

l(Xi) =

∫ µi+h
µi−h (δ − µi)φ(δ)dδ∫ µi+h

µi−h φ(δ)dδ
with µi = a0 − X ᵀ

i γ.
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Cross Fitting

Randomly split {1,2, · · · ,n} into two disjoint subsets Ia and Ib,
with Ia ∪ Ib = {1,2, · · · ,n}, |Ia| = bn/2c, and |Ib| = n − bn/2c.
We estimate γ by

γ̂a = arg min
γ∈Rp

1
2|Ia|

∑
i∈Ia

(
Di − X ᵀ

i γ
)2

+ λ1

p∑
j=1

‖XIa,j‖2√
na
|γj |.

Estimate {µi = a0 − X ᵀ
i γ}i∈Ib and {δi = Di − X ᵀ

i γ}i∈Ib by

µ̂i = a0 − X ᵀ
i γ̂

a and δ̂i = Di − X ᵀ
i γ̂

a for i ∈ Ib.
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Kernel estimators of the weights

For i ∈ Ib, we estimate l(Xi) =

∫ µi+h
µi−h (δ−µi )φ(δ)dδ∫ µi+h

µi−h φ(δ)dδ
by

l̂(Xi , γ̂
a) =

∑
j∈Ib

(δ̂j − µ̂i)1(|δ̂j − µ̂i | ≤ h)∑
j∈Ib

1(|δ̂j − µ̂i | ≤ h)
for i ∈ Ib. (1)

Construct the estimators of {l(Xi)}i∈Ia in a similar way to (1) by
switching the roles of Ia and Ib.
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Decorrelated Local Linear Estimator

We define the estimated weights as

W̃i = (Di − a0)− l̂(Xi) with l̂(Xi) =

{̂
l(Xi , γ̂

b) for i ∈ Ia

l̂(Xi , γ̂
a) for i ∈ Ib

Construct the decorrelation weights as

Ŵi = W̃i − [
n∑

j=1

W̃jKh(Dj)]/[
n∑

j=1

Kh(Dj)] for 1 ≤ i ≤ n.

DLL

f̂ ′(a0) =

∑n
i=1 Ŵi ŶiKh(Di)∑n

i=1 Ŵi(Di − a0)Kh(Di)
.
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Initial estimators: a review

I Ψi,0 = (φ0,1(Di), · · · , φ0,M(Di)) ∈ RM

I Ψi,j = (φj,1(Xi,j), · · · , φj,M(Xi,j)) ∈ RM for 1 ≤ j ≤ p.

Define {β̂a
j }0≤j≤p as the minimizers of

arg min
βj∈RM , 0≤j≤p

1
2|Ia|

∑
i∈Ia

(Yi−
p∑

j=0

Ψᵀ
i,jβj )

2+λ

p∑
j=0

√√√√√βᵀ
j

 1
|Ia|

∑
i∈Ia

Ψi,j Ψ
ᵀ
i,j

βj .

ĝa(Xi) =

p∑
j=1

Ψᵀ
i,j β̂

a
j and ĝ(Xi) =

{
ĝb(Xi) for i ∈ Ia

ĝa(Xi) for i ∈ Ib

Estimate σ2 by residual sum of squares.
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Statistical inference

Estimate the variance of f̂ ′(a0) by

V̂ =
σ̂2

n2Ŝ2
n

n∑
i=1

Ŵ 2
i K 2

h (Di), Ŝn =
1
n

n∑
i=1

Ŵi(Di − a0)Kh(Di).

Construct the following 1− α confidence interval for f ′(a0),

CI[f ′(a0)] =
(

f̂ ′(a0)− zα/2

√
V̂, f̂ ′(a0) + zα/2

√
V̂
)

where zα/2 denotes the upper α/2 quantile of N(0,1).
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Theorem 1.
Under regularity conditions,

1√
V

(
f̂ ′(a0)− f ′(a0)

)
d→ N (0,1) ,

where

V :=
σ2

n2Ŝ2
n

n∑
i=1

Ŵ 2
i K 2

h (Di)
p→ 3σ2

nh3·π(a0)
.

I Same rate as the univariate case
I Sparse additive model Yi = f (Di) + g(Xi) + εi
I Sparse linear model Di = X ᵀ

i γ + δi

I A consistent initial estimator ĝ
I Linear treatment model and independent δi
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Simulation settings

Set p = 1500 and generate

f (d) = 1.5 sin(d) g1(x) = 2 exp(−x/2) g2(x) = (x − 1)2 − 25/12
g3(x) = x − 1/3 g4(x) = 0.75x g5(x) = 0.5x .

I Exactly sparse: gj = 0 for 6 ≤ j ≤ p.
I Approximately sparse:

g6(x) = 0.5x g7(x) = 0.4x g8(x) = 0.3x g9(x) = 0.2x g10(x) = 0.1 sin(2πx)

g11(x) = 0.2 cos(2πx) g12(x) = 0.3 sin2(2πx) g13(x) = 0.4 cos3(2πx)

g14(x) = 0.5 sin3(2πx) gj (x) = x/(j − 1), for 15 ≤ j ≤ p
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Normal. We generate (Di ,X
ᵀ
i )ᵀ following the multivariate

Normal distribution N(µ,Σ), where µj = −0.25 for 1 ≤ j ≤ p + 1
and Σ ∈ R(p+1)×(p+1) is a toeplitz covariance matrix.

Approximately sparse
Bias RMSE SE Coverage CI Length

a0 True n DLL Plug Orac DLL Plug Orac DLL Plug Orac DLL Plug Orac DLL Plug Orac
500 0.21 0.46 0.02 0.44 0.60 0.39 0.39 0.38 0.39 0.91 0.72 0.94 1.51 1.45 1.49
1000 0.07 0.31 0.00 0.35 0.45 0.33 0.34 0.33 0.33 0.93 0.83 0.93 1.31 1.27 1.270.10 1.49
1500 0.05 0.26 0.01 0.31 0.39 0.29 0.31 0.30 0.29 0.94 0.86 0.95 1.18 1.15 1.15
500 0.20 0.45 0.00 0.45 0.60 0.39 0.41 0.39 0.39 0.91 0.77 0.94 1.56 1.50 1.55
1000 0.07 0.31 0.01 0.36 0.46 0.35 0.35 0.34 0.35 0.94 0.83 0.94 1.35 1.32 1.320.25 1.45
1500 0.07 0.27 0.03 0.32 0.41 0.30 0.31 0.31 0.30 0.96 0.84 0.96 1.22 1.19 1.18
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Uniform. We generate (D0
i , (X

0
i )ᵀ)ᵀ following N(µ,Σ) with the

same µ and Σ as in Setting 1. We define Di = 5(G(D0
i )− 0.5)

and Xi,j = 5(G(X 0
i,j)− 0.5) for 1 ≤ j ≤ p, with G denoting the

CDF of N(−0.25,1). The marginal distributions of Di and Xi,j
are Uniform(−2.5,2.5) and Di is correlated with {Xi,j}1≤j≤p.

Exactly sparse
Bias RMSE SE Coverage CI Length

a0 True n DLL Plug Orac DLL Plug Orac DLL Plug Orac DLL Plug Orac DLL Plug Orac
500 0.12 0.24 0.01 0.72 0.74 0.69 0.71 0.70 0.69 0.94 0.92 0.93 2.81 2.73 2.60
1000 0.05 0.19 0.05 0.64 0.66 0.60 0.63 0.63 0.60 0.95 0.93 0.95 2.42 2.39 2.260.10 1.49
1500 0.04 0.15 0.02 0.57 0.58 0.55 0.57 0.56 0.55 0.96 0.94 0.95 2.19 2.16 2.05
500 0.08 0.21 0.00 0.73 0.74 0.68 0.72 0.71 0.68 0.94 0.93 0.94 2.79 2.73 2.59
1000 0.04 0.17 0.03 0.62 0.64 0.58 0.62 0.62 0.58 0.95 0.94 0.95 2.41 2.38 2.250.25 1.45
1500 0.03 0.15 0.02 0.56 0.57 0.52 0.56 0.55 0.52 0.95 0.93 0.94 2.18 2.14 2.04
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Real Data

Motif Regression studies the effect of the motifs’ matching
scores on the gene expression level
I Motifs: the DNA sequences bound to transcription factors,

which control the transcription activities.
I A gene’s expression level can be well-predicted by the

matching scores of a set of motifs.
I Consists of the expression values of n = 2587 genes and

the scores of p + 1 = 666 motifs.
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CIs for f ′(a0) by DLL and SIHR

Highly non-linear relationship: the standard deviation of the
regression error is about 2.5 by SIHR but 1.45 by DLL.

√
V̂ = σ̂

√√√√ 1

n2Ŝ2
n

n∑
i=1

Ŵ 2
i K 2

h (Di).
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Semi-real Analysis

We simulate the synthetic response variable

Y syn
i = f̂ (Di) + ĝ(Xi) + ε̄i , with ε̄i ∼ N(0, σ̂2).

I Same {Di ,Xi}1≤i≤2587 as the real data.

I The noise level estimator σ̂2 and f̂ and ĝ.
I 500 simulations: evaluate DLL on the M, M−, M+.

Bias SE Coverage Length
Motif M M+ M- SIHR M M+ M- SIHR M M+ M- SIHR M M+ M- SIHR

1 0.08 0.15 0.14 1.37 0.23 0.45 0.32 0.41 0.93 0.87 0.94 0.45 0.94 1.73 1.19 2.66
3 0.00 0.01 0.05 1.39 0.22 0.39 0.32 0.43 0.96 0.95 0.93 0.45 0.93 1.34 1.09 2.70
13 0.06 0.09 0.02 1.35 0.27 0.41 0.31 0.42 0.96 0.96 0.97 0.59 1.12 1.61 1.18 2.88
16 0.24 0.26 0.00 1.30 0.36 0.71 0.45 0.40 0.87 0.94 0.98 0.53 1.03 2.28 2.07 2.66
37 0.09 0.15 0.33 1.44 0.20 0.55 0.53 0.42 0.93 0.95 0.95 0.44 0.77 2.20 2.16 2.75
41 0.15 0.06 0.07 1.36 0.42 0.36 0.85 0.41 0.97 0.96 0.95 0.47 1.86 1.45 3.31 2.66
53 0.22 0.12 0.08 1.35 0.25 0.36 0.27 0.41 0.89 0.94 0.96 0.49 0.93 1.30 1.02 2.66
87 0.06 0.03 0.18 1.49 0.22 0.33 0.27 0.43 0.95 0.95 0.90 0.36 0.88 1.31 1.01 2.70
89 0.04 0.07 0.12 1.50 0.27 0.43 0.34 0.41 0.95 0.95 0.93 0.35 1.06 1.54 1.21 2.78

439 0.01 0.05 0.05 1.46 0.29 0.44 0.29 0.43 0.92 0.92 0.96 0.39 0.99 1.51 1.19 2.69
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Conclusion and Discussion

I Inference for f ′(a0) in high-dim sparse additive model.
I Inference in high-dimensional additive model

I Test f = 0?
I Inference for f (a0)?

I Model complexity and interpretation
I Inference for interaction effects?

Model checking in high dimensions!
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Other interesting stuff

I High-dimensional inference
I Causal inference with hidden confounders
I Transfer learning and semi-supervised learning
I Non-standard and post-selection inference
I Causal + Machine Learning
I · · ·
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