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DLL
[ cew loo]

The goal of DLL is to implement the Decorrelated Local Linear estimator proposed in <arxiv:1907.12732>. It
constructs the confidence interval for the derivative of the function of interest under the high-dimensional sparse
additive model.

Installation

You can install the released version of DLL from CRAN with:

install.packages ("DLL")

Example

This is a basic example which shows you how to solve a common problem:

Available at https://github.com/zijguo/HighDim-Additive-Inference
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https://github.com/zijguo/HighDim-Additive-Inference

Overview of talk

ﬂ Motivation and Formulation
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Treatment Effect in Observational Study

Response
Control for Control for

Effect?
Genetic Variants @ Health Records

» Observational study: unmeasured confounders
» Solution: conditioning on a large set of covariates
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A Convenient Solution

High-dimensional sparse linear model

P
Yi=Dig+> Xjj+e, for1<i<n.
j=1

» Number of covariates p > sample size n.
> Afew {7;}1<j<p are non-zero.

» Inference for S
Zhang & Zhang '14; Javanmard & Montanari '14; van de Geer, Bihimann, Ritov
& Dezeure '14; Chernozhukov, Hansen & Spindler '15.
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Growing evidence demonstrates that climatic conditions can have a
profound impact on the functioning of modern human societies'?
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Example: Motif 16

The effect of the motifs’ matching scores on the gene
expression level.

» Motifs: the DNA sequences bound to transcription factors,
which control the transcription activities.

Confidence Intervals

16
Indices of Motifs
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Example: Motif 53
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High-dimensional Additive Model

For1 <i<n,

p
Yi=f(D)+g(X)+e with g(X;) = gi(Xi),
j=1

> Y; € R: outcome variable
» D; € R: variable of interest
» X; € RP: high-dimensional baseline covariates
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Definition of the Treatment Effect

For a pre-specified a; € R and a small 7 > 0,

i BCYi | Dy = a0+ 7, X)) — E(Y; | D = a, X;)

7—0 T

Research Problem

Inference for f'(ap) in the high-dim sparse additive model

= f'(a0)
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Overview of talk

Q Decorrelation Idea
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Review: Local Linear Estimator (Fan 1993)

Yi=f(Dj)+e, for1<i<n.

Local Regression

-10 -05 00

Figure: Local linear estimator from Elements of Statistical Learning

~ o~ n _Di
(50’ B1> - a(rﬁ%)zi)n ; (Vi — Bo — B1(Di — a))* K (aoh>
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Review: Weighted Average

For a pre-specified bandwidth h > 0, define the kernel

1

Kin(d) = 57+ 1(1D; — 20| < h).

The local linear estimator is expressed as

5, = YLy WPYiKn(D))
Sy WP(D; — ap)Kn(D;)’

where
2Dy — a0)Kn(D))

>oj=1 Kn(D))
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A Plug-in Estimator?

Outcome proxy
Yi=Yi—g(X) = (D)) + [9(X)) — §(X)] + €.
A natural plug-in estimator,

F(a) = S, WOYiK(Dy)
0 Sty WX(D; — ao)Kn(Di)

> The local linear estimator applied to the data {D;, Y;}1<i<n
» A large bias and not ready for statistical inference
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Generic Estimator

Our proposed estimator is of the form,

1 N
Flao) = - znz,-”:1 WiYikn(Di)
7 2i=1 Wi(Di — ao)Kn(D;)
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Generic Estimator

Our proposed estimator is of the form,

1 N
Flao) = - znz,-”:1 WiYikn(Di)
7 2i=1 Wi(Di — ao)Kn(D;)

f'(ap) — f'(ag) = Erry + Erry

where
Lo m i Wilf(ao) + (D)) + €] Kn(D))
LT TSI WD - a0)Kn(D)
o _ B i WIlB(X) — a(X)]Kn(D))
Ty = .

ST Wi(Di — a0) Kn(Dy)
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Population decorrelation weight

Goal: construct the weights { W;} <<, such that
» Err, is similar to that in the univariate case.
» Erry is significantly reduced!

Define the population decorrelation weights

Wi = (D~ a) — I(X) with (X)) == E([%j (—szlfo)h’()%)l)c)

Decorrelation property

E[WiKn(D;) | Xi] =0

~

E [Wi(g(X;) — g(X))Kn(Dy) | Xi] =0
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Take home message

1 _
) = A WYKHD)
TSIy Wi(D; — 20)Kn(D))

with

[D; — ag] Kn(Dy)|X;)
E(Kn(D)| X))

Wi = (D — a0) — I(X) with I(X) = =

» nearly unbiased
» similar to the oracle estimator

Yiny WY KL(D))
S, WO(D; — ag)Kn(D))

]

with Y™ = Yi—g(X;) = f(D;)+¢.
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Treatment model

Di=X'"y+0;, for1<i<n.

> ~ is a sparse vector and J; is independent of X;
> Let ¢(9) denote the density function of ¢;.

Wi = (D; — ap) — I(Xi)
with

I(X) = iy (8 = i) 9(3)d
| ey 6(6)dd

with  p; = ap — X'.
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Randomly split {1,2,--- , n} into two disjoint subsets Z, and Z,,
with Z,UZp = {1,2,--- ,n}, |Z4| = |n/2],and |Zp| = n— |n/2].
We estimate ~ by

HXIa

p
. o1 2 ill2
4 — arg min D; — XTv)" + )\ ’ il
77 = argmin o I_EEIa( i — XT7) 1/_5:1 e 7

Estimate {y; = ap — X'~}iez, and {6; = D; — XT~}iez, by

li=a — X377 and & =D;— X'3% for ic Iy
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Kernel estimators of the weights

KPS B(8)ds

For i € Zp, we estimate /(X;) = %&

S s(8)ds

ez, (0 — Ei)(lo; — fil < h)
> jer, 1(16; — 1l < h)

Construct the estimators of {/(X;)}cz, in a similar way to (1) by
switching the roles of Z; and Z,.

(X, 79)

for ieZy. (1)
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Decorrelated Local Linear Estimator

We define the estimated weights as

Construct the decorrelation weights as

W, =W, — [ WKn(D)I/[D_ Kn(Dp)] for 1<i<n.

= =
DLL o
n
@ _ i WiYiKn(Di)

S0 Wi(D; — ag)Kn(Di)
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Initial estimators: a review

> Wio = (b01(D1), -, bom(Dy)) € RM
> Wi = (g (Xig)s s dm(Xig) € RMfor 1 <j < p.
Define {32}o<j<p as the minimizers of

. 1
argmin  ——
geri, 0<j<p 2|Zal

P p
S Do VRN |8 (|I1| > wf,jwzj) B
0 j=0 a

i€, j= i€,

p
g%(X) => VI B7 and g(X)=

J=1

9°(X;) foric 1z,
g3(X;) forie Iy

Estimate o2 by residual sum of squares.
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Statistical inference

Estimate the variance of @ by

~2 n n
G_ 0 W2K2(D). 3 — LN WD .
V= nzé,%,z; WEKR(D). Sn=- ; Wi(D; — ap)Kn(D;).

Construct the following 1 — « confidence interval for f'(ap),
CI[f'(a)] = (@ - a/2ﬁ7 F'(a0) + Za/2\/§>

where z, /> denotes the upper /2 quantile of N(0,1).
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Theorem 1.
Under regularity conditions,

7o (@) - (a0)) 4 N (0.1),

where

2 n
o T 2 2
Vi= —= WPKE(D) = 2
n°Sg i

» Same rate as the univariate case

» Sparse additive model Y; = f(D;) + g(X;) + ¢;
> Sparse linear model D; = X~ + §;

» A consistent initial estimator g

» Linear treatment model and independent §;
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e Numerical Results
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Simulation settings

Set p = 1500 and generate

f(d) =1.5sin(d) g1(x) =2exp(—x/2) ga(x) = (x — 1) —25/12
g3(x) =x—1/3  ga(x) =0.75x gs(x) = 0.5x.

» Exactly sparse: g; =0for6 <j < p.
» Approximately sparse:

gs(x) =0.5x g7(x) =0.4x gg(x) =0.3x go(x) =0.2x gyo(x) = 0.1sin(27x)

911(x) = 0.2cos(2nx)  gi2(x) = 0.3sin®(27x)  gia(x) = 0.4 cos®(27x)

g1a(x) = 05sin3(27x)  gi(x) = x/(j—1), for 15<j<p
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Normal. We generate (D;, XT)T following the multivariate
Normal distribution N(u, X), where pj = —0.25for1 <j < p+ 1
and ¥ € R(P+1)x(P+1) is a toeplitz covariance matrix.

Approximately sparse

Bias RMSE SE Coverage Cl Length

ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac |DLL Plug Orac | DLL Plug Orac
500 [ 0.21 046 0.02 |0.44 060 0.39 [039 038 039 [091 0.72 094 |1.51 145 1.49
0.10 | 1.49 | 1000 | 0.07 0.31 0.00 | 0.35 0.45 0.33 |0.34 033 033 |0.93 083 093 |131 127 127
1500 | 0.05 026 0.01 |0.31 039 029 |031 030 029 |094 086 095|118 115 1.15
500 [ 0.20 045 0.00 045 0.60 0.39 {041 039 039 |[091 077 094 |156 150 155
0.25 | 1.45 | 1000 | 0.07 0.31 0.01 [0.36 046 035 |0.35 0.34 035|094 083 094 |135 132 132
1500 | 0.07 027 0.03 |0.32 041 030|031 031 030 |09 084 096 |1.22 119 1.18

cal Linear Estimatt



Uniform. We generate (D?, (X?)T)T following N(x, £) with the
same 1 and T as in Setting 1. We define D; = 5(G(D?) — 0.5)
and X;; = 5(G(X?;) — 0.5) for 1 < j < p, with G denoting the
CDF of N(—0.25,1). The marginal distributions of D; and X;
are Uniform(—2.5,2.5) and D; is correlated with {X; ;}1<j<p.

Exactly sparse

Bias RMSE SE Coverage Cl Length

ap True n DLL Plug Orac | DLL Plug Orac |DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 [ 0.172 0.24 0.01 [0.72 0.74 0.69 [ 0.71 070 0.69 | 094 092 093 |281 273 260
0.10 | 1.49 | 1000 | 0.05 0.19 0.05 | 0.64 0.66 0.60 | 0.63 063 060 | 095 093 095 |242 239 226
1500 | 0.04 0.15 0.02 | 0.57 0.58 0.55 | 057 056 055|096 094 095|219 216 205
500 [ 0.08 021 0.00 073 0.74 0.68 [0.72 0.71 0.68 | 094 093 094 |279 273 259
0.25 | 1.45 | 1000 | 0.04 0.17 0.03 |0.62 064 058 |0.62 062 058 |0.95 094 095|241 238 225
1500 | 0.03 0.15 0.02 | 0.56 0.57 052 |0.56 055 0.52 | 095 093 094 |218 214 204
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Real Data

Motif Regression studies the effect of the motifs’ matching
scores on the gene expression level

» Motifs: the DNA sequences bound to transcription factors,
which control the transcription activities.

» A gene’s expression level can be well-predicted by the
matching scores of a set of motifs.

» Consists of the expression values of n = 2587 genes and
the scores of p + 1 = 666 motifs.
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Cls for f'(ap) by DLL and STHR

ccccc

Confidence Intervals

a7 4
Indices of Motifs

Highly non-linear relationship: the standard deviation of the
regression error is about 2.5 by STHR but 1.45 by DL.T.

n
VY = ad n;AZZ W2K2(D)).

n j=1
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Semi-real Analysis

We simulate the synthetic response variable

~

YY" = f(D) +9(X) + &, with &~ N(0,5°).

» Same {D;, Xj}1<i<o587 as the real data.

> The noise level estimator 52 and f and g.
» 500 simulations: evaluate DLL on the M, M—, M+.

Bias SE Coverage Length
Motif | M M+ M- SIEHR| M M+ M- SIHR| M M+ M- SIER| M M+ M- SIHR
1 0.08 0.15 0.14 137 [0.23 045 0.32 0.41 [0.93 0.87 094 045|094 1.73 119 266
3 |0.00 001 0.05 1.39 [022 039 032 043 |0.96 095 0.93 045 | 093 1.34 1.09 270
13 | 0.06 0.09 0.02 135 |0.27 041 031 042 | 096 096 097 059 |1.12 161 1.18 288
16 | 0.24 026 0.00 1.30 |0.36 0.71 045 0.40 |0.87 0.94 098 0.53 |1.03 228 2.07 266
37 | 009 0.15 033 1.44 |0.20 055 0.53 042 | 093 095 095 044 |0.77 220 216 2.75
41 |0.15 0.06 0.07 1.36 |042 036 0.85 041 | 097 096 095 047 |1.86 145 331 2.66
53 [0.22 0.12 0.08 135|025 036 0.27 0.41 |089 094 096 049 [093 130 1.02 266
87 |0.06 0.03 0.18 1.49 |0.22 033 0.27 043 | 095 095 090 0.36 |0.88 1.31 1.01 270
89 |0.04 0.07 0.12 150 |0.27 0.43 0.34 041 | 095 095 093 035 |1.06 154 121 278
439 | 0.01 0.05 0.05 1.46 | 029 044 029 043 | 092 092 096 0.39 [0.99 151 1.19 269
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Conclusion and Discussion

» Inference for f'(ap) in high-dim sparse additive model.
» Inference in high-dimensional additive model

> Test f=107?

> Inference for f(ap)?

» Model complexity and interpretation
» Inference for interaction effects?

Model checking in high dimensions!
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Other interesting stuff

High-dimensional inference

Causal inference with hidden confounders
Transfer learning and semi-supervised learning
Non-standard and post-selection inference
Causal + Machine Learning
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